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Chapter 1 Mathematical Descriptions and Models

(1) Find the homogeneous solutions to each of the following difference equation:
(1) y(k+2) —3y(k+1) +2y(k) = u(k),
(i) y(k+2) —2y(k+ 1) +y(k) = u(k).
Ans.:  Apply the method of subsection 1.3.4.
(i) Consider the homogeneous equation,
y(k+2) —3y(k+1) +2y(k) =0.
If y(k) = \* is assumed as a solution, then
(A2 =3X+2)\" = 0.
The characteristic equation is written as
M3 +2=A-1)(\—-2)=0.

Since the charcteristic roots are A = 1 and A = 2, the following solution is

obtained:
y(k) = C1 + C2(2)%, k=0,1,2,--,

where C; and Cs are arbitrary constants.
(ii) Consider the homogeneous equation,

y(k+2) —2y(k+1)+y(k)=0.
The characteristic equation is written as

M2 +1=(\-1)2=0.



In this case, since the characteristic root is multiple (A = 1), the term kA* should
be considered. Thus, the solution is given as

y(k)201+012k7 k:O71727"'7
where C; and C15 are arbitrary constants.

(2) Prove that

dF(z)
dz

Ans.:  From the definition of z-transform (1.30),

Z[kf(kh)] = —= for |z| > 1.

Zlkf(kh)] = i kf(kh)z"F = f(h)27" +2f(2h)2 7% + 3f(3h)2 % + -
k=0

On the other hand, the following relation is obtained from (1.31) for |z| > 1:

dF(z)
dz

= —f(h)z"2 = 2f(2h)z=3 — 3f(3h)z"* — -

Thus,
dF'(z)

Z[kf(kh)] =~

was proved.

(3) Determine the z-transform of discrete ramp function,

k for k>0
k: — )
F () {Ofork<0.

Ans.:  From the definition of z-transform (1.30),
Fz)=zt42:2 43234+

Then,
2F(2) =22+ 223 #3274 4

Hence, the following closed form is obtained for |z| > 1:

(1—zHYFR)=z1422+27"+...=

Thus,

21 z

PO = = o

This result corresponds to the second line in Table 1.2 when h = 1.




(4) Show that an n-th order discrete-time equation (1.10) can also be written as the following
vector-matrix form:

zo(k +1 . . . zo(k 0
L | e
: 0 0 o1 : :
Tn(k+1) —p  —Qp1 ... a1 |xp(k) 1
and
z1(k)
z2(k)
y(k)z[b,,,—anbo bp_1—an_1bo ... bl_albO} : +b0u(k‘).

Here, as a general expression, by # 1 is considered in the output equation.

Ans-1:  The vector-matrix form given above corresponds to (1.17) and (1.18). The
set of first-order equations of those expressions is written as follows:

Tpo1(k+1) =a,(k)
l‘n(k} + 1) = —Clnl'l(k) - an—le(k) - a’2xn—1(k) - alxn(k) + u(k)
(11.1)
and
y(k) = (bp —anbo)xi (k) + (bn—1 —an—1bo)z2(k)+- - -+ (b1 —aibo)xn (k) +bou(k).
(11.2)
With respect to the set of equations (11.1), we obtain the following expression:
Tn(k+1) + ar1zn(k) + - + ap_122(k) + anz1 (k) = u(k), (11.3)
that is,
z1(k+n)+axi(k+n—1)4 - +ap_121(k+ 1)+ apzi(k) = u(k).
Therefore, in general, when the discrete equation is given by
ylk+n)+- - +an1y(k+1) + any(k) = bou(k +n) +- -+ bp_qu(k+1) + byu(k)

as shown in (1.10), the output y(k) must be written as

y(k}) = bol‘l(k‘ + n) + braq (k‘ +n— 1) + -+ bn_l.’L‘l(k + 1) + bn$1(k>
=boxn(k+ 1)+ bizn(k) + -+ bp_122(k) + bpay (k)



because the above system is linear.
Here, from (11.3)

Tn(k+1) =u(k) — a1z, (k) — agxp—1(k) — - — apz1 (k).

By substituting this expression into (11.4), we can obtain the following output equation
(i.e., (11.2):
y(k) = bolu(k) — a1z (k) — aszp—1 — -+ — apz1 (k)] + brzn (k) + - - + bz (k)
= (bp, — anbo)x1(k) + (bp—1 — an—_1bo)x2(k) + - + (b1 — arbo)xy, (k) + bou(k).

Ans.-2: Next, a direct proof is shown. From (11.2), the following equations are given:

y(k) = (bp — anbo)xi (k) + -+ + (b1 — a1bo)xn (k) + bou(k)

y(k+1) = (by — anbo)zi(k +1) + -+ (b1 — aibo)xn(k + 1) + bou(k + 1)

y.(k'Jrnf 1) = (b, —anbo)x1(k+n—1)4+ -+ (by —arbp)x,(k +n—1) + bou(k + n —1)
y(k+n) = (b, — anbo)x1(k+n)+ -+ (b1 — a1bo)zn(k + n) + bou(k + n)

Therefore,

y(k+n)+aylk+n—1)+- - +an_1y(k + 1) + any(k)
= (b, — anbo)lanzi(k) + an_1z1(k+ 1)+ +arz1(k+n—1) + z1(k + n)]
+ (b1 — an—1bo)[anz1(k) + an—121(k+ 1)+ -+ a1z1(k+n—1) + 21 (k + n)]

+ (b1 — arbo)[anxn (k) + an—12p—1(k+ 1)+ + a1z, (k+n—1) + 2, (k + n)]
+ anbou(k) + an—1bou(k + 1) + - - - + arbou(k +n — 1) + bou(k + n)
=boulk+n)+buk+n—1)+ -+ by_qu(k + 1) + byu(k).

This completes the proof.
As for simple case n = 2, the following results are given.

Ans.-1:
xo(k 4+ 1) = —agx1 (k) — arza(k) + u(k)
and
y(k)) = (bg — agb())xl(k) + (b1 — alb(])ifg(k) + b()’u(k) (115)
From (11.4),
xz(k + ].) + Chl‘g(k) + agl‘l(k) = u(k), (116)
that is,

x1(k+2)+a1z1(k+ 1) 4+ a1 (k) = u(k).



Therefore, when the discrete equation is given by
y(k+2)+ary(k+ 1) + asy(k) = bou(k + 2) + biu(k + 1) + bou(k).
the output y(k) must be written as

y(k) = boz1(k + 2) 4 byzy (k + 1) + boxy (k)
= bol’g(k -+ ].) —+ ble(k) + bQZL’l(k)

Here, from (11.6)
Ig(k + 1) = U(k) — a1$2(k) — agl‘l(k).

Thus
y(k) = bou(k) + (b1 — a1bg)z2(k) + (b2 — azbo)z1 (k).

Ans.-2 From (11.2),

y(k) = (b2 — agbo)z1 (k) + (b1 — a1bo)z2(k) + bou(k)
y(k +1) = (by — agbo)x1(k + 1) + (b1 — arbo)za(k + 1) + bou(k + 1)
y(k +2) = (by — azbo)x1(k +2) 4+ (b1 — ai1bo)x2(k + 2) + bou(k + 2).

Therefore,

y(k +2) + ary(k + 1) + azy(k)
= (by — agbp)[asz1 (k) + arz1(k + 1) + z1(k + 2)]

+ (b1 — arbo)[agxa(k) + asxa(k + 1) + x2(k 4+ 2)] + asbou(k) + arbou(k + 1) + bou(k)
=bou(k +2) + byu(k — 1) + bou(k).

This completes the proof for n = 2.

(5) Determine the discrete-time version (1.78) of the following state space representation:

-1 4

Mo:[1o]xl

€1

+ u(t)

T2 1

(11.7)
T2

Assume h = 1, and u = const. through 0 < ¢t < h.

Ans.  Let us calculate the transition matrix ®(7) from (1.76), i.e.,

A2T2
2!

2 3
1 0 0 1 110 1 9 110 1 3
= |:0 1] + [_2 _3:| T+ Bl [_2 _3:| 75+ 5 |:_2 _3:| T+

o] o 1 1[-2 3] , 1[6 7],
{0 1]*[—2 —3}T+2![6 7%*3!{—14 —15}7*”

&(r) =1+ At + oo



Then, each element of the matrix is written as follows:

(1)11(7') 21—72+73+

Pp(r)=7—4im3+ I3+ (11.8)
Poy (1) = =27+ 372 — I3+

Dyp(1) =137+ 57° = 37 + -

On the other hand, in regard to Laplace transform for (11.7), i.e.,

s+3 1
- 2 oo b oo

the following transition matrix is obtained:

O(t)=LH(sI-A)'} = [

o2t 4 9t _e=2t 4 ot
2072t —2e7t Q72 _et |

Each element of this matrix is equivalent to (11.8) for ¢ = 7 in the closed form.
In (1.78),
h h —27 —T —2 —r1h
_ _ —e T +e _le7T/2—e
F(h) - A Q(T>Bd7— - ~/O |:28—2‘r _ e—‘r:| dT - |:_e—27' + e—7:|0 .
Since h = 1,

_ e =1/2— (et = 1)
(k) = [(—e_Q 1) 4 (e - 1)} :

Thus,
zi(k+1)|  |—e 242t —eZ4e !t |z(k) n (e2—1)/2—(e7t —1)
zo(k+1)| |22 21 22—e'| |zy(k) (—e 2+ 1)+ (e7t—1)
$1(k + 1)
ylk) = {1 O} zo(k+1)] "
nik+1)]  [o60 0237 [z1k)]  [o0.20
ek +1)| |10 —0.641 L@g(k)} * lo.23} u(k)
ylk) = [1 O] wo(k+1)]

In this expression, with respect to the input sequence (u(0), u(1), u(2), - - -), the output
sequence (y(0) = z(1), y(1) = z1(2), y(2) = z1(3), - - -) is determined.

However, if we define the output equation as



With respect to the input sequence (u(0), u(1), u(2), - - -), the output sequence (y(0) =
x(0), y(1) = x1(1), y(2) = 21(2), ---) is determined. That is, a one-step delay
response is obtained as shown in Fig. 1.5.

(6) Determine the z-transform of the following time-function as a closed form:

(i) f(t) =t-e
(i) f(t) = sinwt
Ans.(i)
From the definition of z-transform,

F(z) = Z khe™@kh =k — pemah =1 4 ohe™20h 72 4 3he B0 73 ..
k=0

= he (1 4277 307202 ) (11.9)
Multiplying the both sides of (11.9) by e~*"2~!, we obtain
e T IF(2) = he eyt f 207 20h 72 L) (11.10)
Subtracting (11.10) from (11.9),
(1—e 2 HYF(z) =he 27 (1 +e 27t pe720hy=2 4.0,
Thus, we can obtain the following closed form when |e? 2| > 1:

Fz) = he=hz=t  he %z
VT A b, 12 T (z—e-ah)2

This result corresponds to the fouth line in Table 1.2.

Ans. (ii)
From the definition of z-transform,

& L e efkwh _ o—jkwh i
F(z)= sin kwh)z™" = — ) 27", i =+v—1
SESCITD ;( ) j=vTi

2j
1

1 1
T2 <1 —eiwhy—1 1 — e‘jth_l)
(sinwh)z~1 B (sinw)z
1—2(coswh)z=t+272 22 —2(coswh)z+ 1

Of course, the convergent condition, |z| > 1, must be satisfied. This result corresponds
to the fifth line in Table 1.2.

[(1 + e]whz—l + e2]whz—2 4. ) o (1 +e—jkwh2—1 +e—2jwhz—2 4.



(7) Determine f (k) for
z+1

23— 2224152 —0.5’

and confirm that it corresponds to the delayed response as shown in light blue in Fig.
1.5.

Ans. By applying the result of direct division, (1.51),

k=1
ck = by — E Ak—iCi,
i=0

the following coefficients are obtained.

F(z)=

COZbOZO
61:b1:0
62:b2:1

c3=bs—ajco=1+2=3

C4 = —aoCy —ajc3 = —1.5+6=4.5

This time sequence corresponds to the (light blue) response as shown in Fig. 1.5.

Chapter 2 Discretized Feedback Systems

(1) Prove that the sector condition in (2.5),
lg(e)] < Ble]
is equivalently written as (2.7), i.e.,

—3e? < g(e)e < Be?. (12.1)

Ans.:
Multiplying the both sides of (2.5) by |e],

lge)e] < Be.

Then,
—Be? < glele < Be?.

(2) Confirm that block diagram Fig. 2.16 is equivalent to Fig. 2.15.
Ans.:  From Fig. 2.15,

&(2) = (1+ad(2))é(2)
() = (z) — Bad(2)é(2).



These equations are based on (2.20), (2.21), and (2.22), i.e.,

A+z"Y ., 0 (427, (1—271).
s € (2) = Te(z) +q- Te(z),
(I+2h o (A+zh (1-2"1,
— ¥ (2) = Tw(z) - pBq- Te(z)
1
)= T

Thus, from the following equations,

& (2) = (1 +¢8(2))é(z)
w(z) = w*(2) + Bgd(2)é(z),
Fig. 1.16 can easily be obtained.

(3) From Fig. 2.18, determine the loop transfer function H (S, q, z) in Fig. 2.19.
Ans.: In Fig. 2.18, the following equations hold:

Therefore, (2.24)-(2.26) are obtained.
(4) From (2.5) and (2.29), prove that the sector inequality in (2.31), that is,

f(e(k))
0< (k) <20.

Ans.: From (2.5), (2.29), and (12.1), i.e.,
lg(e)| < Blel,
fle) = g(e) + fe,

Fig. 2.15 Transformation of nonlinear element g(e).

(12.2)



and
—pe? < gle)e < fe?, (12.3)
From (12.3),
0 < (g(e) + Be)e = f(e)e < 2B€>.
Thus (12.2) can easily obtained for e # 0. This completes the proof.

(5) Prove Lemma 2.1, that is,
[t (&)ll2,n < Bl[Et (k)ll2,x < Ble(k)||2,x
using inequality (2.34).
Ans.: From (2.34), i.e.,

Therefore,

N 1/2 N 1/2 N 1/2
(Z Iw*(k)P) <5 (Z é*(k>|2> <5 (Z |é<k>|2) .
k=1

k=1
This completes the proof.

(6) For N = 2, prove Schwarz’s inequality (2.60).

Ans.: Inregard to N = 2, the following is obtained:

2 2 2 2
(ZI?E(’?V) (Z Iy(k)|2> - (Z w(k)y(kﬂ)
k=1 k=1 k—1

(PP + 2@Ply@)P + =) Ply@)17 + 2@ Ply(1)?
— 2y W) = [2(2y2)P - 2=(yD)] - [2(2)y(2)]

[——— T e 1
| “ . !
e | 1 +Q6 e g*(e*) w +f\ ‘ w
| +
| !
| !
I Bqd |
| |
L | g(e)

Fig. 2.16 Equivalent nonlinear subsystem.
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This completes the proof.

(7) Using the result of (6), prove Minkowski’s inequality (2.68) when N = 2.

Ans.: In regard to sequences z(k), v(k) (k = 1,2) and y(k), v(k) (k = 1,2),
Schwartz’s inequalities for N = 2 are given as

(le(Wo)| +z@))? < (2] + [22)) (D + [v(2)]*)
Iy +ly2)v2)D)? < (WP + ly@)P) (lo(W)] + [v(2) ).

Taking the square root of both sides of this inequality,

lz(D)l[o(1)] + 2@ [lv@)] < /(2D + [22)P) (D + [0(2)]?)
lyW)[[o()] + ly@)llo@)] < V(g + [y@)R)(e@)]? +[0(2)]2).

By adding these inequalities, we have

(=] + [yl )]+ (2(2)] + () (2)
< (VIEOP+ P + VisOP + @)F) (ViROE + @)F).

If v(k) (k = 1,2) are written as

v(k) = z(k) + y(k),
the above inequalities are given as

PP+ < (VizOP + @P + ViyOP + 2P (VOP +pE)P) .

By deviding the both sides by /|v(1)|2 + |v(2)|2, we obtain the following Minkowski’s
inequality for N = 2:

V(I2(1) +y(WD2 + (J2(2) +y(2))? < VIzWP + 22 + V(D)2 + [y(2)]>-

Chapter 3 Robust Stability Analysis

(1) Show that inequality (3.15) is corresponding to Fig. 3.2 (b).

Ans.: If we define U(w) = R{1/G(e’“"} and V (w) = 3{1/G(e’*"}, the following
inequality is obtained:
(U(w) + K)? +V2(w) > o7,

where p is the radius of the small circle in Fig. 3.2 (b). The plotting, (U(w), V(w)), in
the figure is called inverse Nyquist locus.

11



(2) Using the result of (3.39), prove the following inequality:

—qQV + /@PPRV2 + (U2 + V2){(1+ U)? + V?}

K-
b< U2 1 V2

(13.1)
Ans.: From (3.39),
B(1+ @O (U? +V?) < (K + KU — 3¢QV)? + (KV + $¢QU)?
U+ V) < K21 +U)? = 2KB¢QV(1 +U) + K*V? + 28K qQUV.
Therefore,
BAU? +V?) + 28KqQV — K*{(1+U)? + V?} < 0.

Since 8 > 0,

—KqQV + /E2@PV? + K2(U? + VO){(1 + U)V?}

h< 021 V2

This completes the proof.

(3) Show that the right side of the above inequality can be written as

—qQsinf + /q2Q%sin 0 + p? + 2pcosd + 1
. ; 7
where p(w) = |[KG(e’“")| and 0(w) = LK G (e7*h).
Ans.:  Obviously,

K (13.2)

U(w) = pcosf, V(w)=psinb.
The right side of (13.1) is written as

—qQpsinf + \/q292p2 sin? @ + p2{(1+ pcosh)2 + p2sin® 4}
K- .
0>
This result is equivalent to (13.2).

(4) Prove the stability condition (3.11) in Theorem 3.1 based on the definition of input-
output stability.

Ans.: From (3.1), i.e.,

e(k) =r(k) —y(k), u(k)=v(k)+d(k), (13.3)
the following expressions are obtained by using Minkowski’s inequality:

(k)] = [f(e; )l < ple(R)l,  llo(R)ll2 < plle(k) ]2

12



9(2) = |G(2)[[9(2)] < Sup. G)a(z)], (z =", —m/h <w <m/h), (134)

and
le(R)llz < [lr(R)ll2 + ly(K)ll2,  [lu(k)ll2 < [lv(k)2 + ld(k)|2,

where || - ||z is a norm in the ¢, space.

I-1le = @«P)UZ.

[u(k)ll2 < plle(k)ll2 + [|d(k)]2-
Here, on the basis of Parseval’s identity, the following relations are obtained:

192 = ly(®)ll2, Na(2)ll2 = [[u(k)ll2,  for z ="
Therefore, from (13.3) and (13.4), we have
le(R)ll2 < [Ir(k)ll2 + sup G(2)] - [[u(k)]2

Therefore,

< (k)2 + sup IG(2)|(p - lle(k) |2 + [|d(k)]|2)
and
(I—p- |ST1:pl |G (2)Dle(k)[l2 < [Ir(k)]2 + ﬂipl |G(2)] - [|d(k)][2-
Thus, if |7(k)|2 < coand ||d(k)||2 < oo, then |le

—~

E)|l2 < oo when

sup |G(z)] <
|z]=1

S

Here, it is assumed that ‘
|G(2)] < 00 for z =el¥h,

(5) Prove that
5(e7M) = jQ(w) = j% tan (%h)

in (3.33), where
2 z—1

Ans.. When z = e/,
5(ejwh)_z edwh 1 _2 coswh + jsinwh — 1
 h e“h 41 h coswh+ jsinwh 41

2 (coswh — 1+ jsinwh)(coswh + 1 — jsinwh)
h (coswh +1)2 + sin® wh
2 jsinwh 27 sin(wh/2) cos(wh/2) 2 wh
~ h coswh+1 2cos?(wh/2) —1+1 _]E.tan<7>'
This completes the proof.

_2
"k

13



(6) Show that (3.89) is equivalent to (3.47).

Ans.: This question may be natural, because (g, w) is the inverse function of 1(q,w).
Here, calculate (3.89) in regard to (3.90) directly.

9 _ p
94 (—¢Qsin + /q2Q%sin® 0 + p2 + 2pcosf + 1)2
2 o2
| —Qsing + g2 sin” 0
V@22 sin? 0 + p? + 2pcosh + 1
—p

(—qQsin 0 + /22 sin? 0 + p2 + 2pcos O + 1)2

11— ¢Stsin b Qsinf
V@02 sin? 6 + p? + 2pcosf + 1
B —&(q,w)(w) sin b
V@2%sin? 0 + p? + 2pcosf + 1

Thus, since V' = psin 6, it can be seen that

9¢(q,w) ) _
( 8(] q4=qo,w=wo 0

is equivalent to (3.47) because (wg) > 0 and &((go,wo) > 0for 0 < wy < 7/h.

(7) Derive (3.116) and (3.118) from (3.114) and (3.115).

Ans.:  This question is a classical problem for the Hall diagram. Squaring the both
sides of (3.114),
M2 = ﬂ
1+U)*+ V2
Then,

(M? —1)U? +2UM? + M? + (M? —1)V* =0)

Thus, if M # 1,

M2 N\ M* M2 M\’
(U+M2—1) v (M2—1)2M2—1(M2—1> '

This completes the proof.

Chapter 4 Model Reference Feedback and PID Control

(1) Confirm that the following equality holds in regard to (4.3) and (4.6):
lim C(0) = C(s).

h—0

14



Ans.: This is a simple limit problem. Since z = e”*,

2 1—(1—hs+---)
Ch 1+ (1 —hs+--)

Then,
lim § = s, lim 6~ =571,
h—0 h—0

Therefore, %inb C'(8) becomes C(s).

(2) Determine the z-transform of the following plant with a zero-order hold:

K
Gs)= ——~, K=1.0 14.1
=G e+ (14.1)
Assume the sampling period 4 = 0.1, and use the result of Example 4.1 (A), i.e., Egs.
(4.15)-(4.17).

Ans.:  As was shown in (4.16), including the integration of the zero-order hold, the
following partial fraction is obtained:
G(s) _ 05 1 0.5

G = .
1(8) s s s+1 s+2

Then,
0.5 1 0.5

1—2"1 1—e 171 1 _—e2z-1,

The z-transform of (14.1) with the zero-order hold is given as

Gl(z)

0.0045z + 0.0041

G(z) = (1—2"HG(2) = 22— 1.724z 4 0.7408

(3) Determine the characteristic equation of the nominal system, F(z) = 0, for Example
4.1 (A) when a Pl controller is used (i.e., case (i), £, = 1.0, C; = 1.0,and Cp = 0.0).

Ans.:  Since PI controller is written as

1 2z —1
C =1 =
(2) +1fz*1 z—1"

the characteristic equation is given by

F(z) = (2 — 1)(22 — 1.4892;0.549) + (22 — 1)(0.0082z + 0.0067)
=23 -92472%2 +2.042 — 0.56 = 0.

(4) Show that the approximate PID control system in Fig. 4.18 is obtained from the model-
reference feedback system in Fig. 4.17, when D,,,(-) and Dy(-), are in high resolution.

15



®)

Ans.: When the discretized elements are in high resolution, D,,(-) and D;(-) are
considered identity functions. Therefore, the following equations can be obtained:

y(2) = ——om
W T T 00 1 02
14 C16 + Cy6? .

UQ(Z) = Km(]_ et 6252) ug(Z) + 'F’(z)

i (2) + 8] (2) + d'(2)

Then,
X 1 A 14 C16 4+ Co6% 4 5 i
- - . d
2(2) = T S e )+ Kp(L+ c10 + c202) (01(2) + d'(2)) +7(2),
and

14016+ Cad?

( ) 1 + 015 + 8252
u2le) = K (c16 + ¢262)

(#() + () + —5

-7 (2).
Thus, C(6) and D(J) can be defined as shown in Fig. 4.18. Here, d’ is considered a
discretization error.
Regarding the simultaneous (linear) inequalities,
a11T1 + a1222 + a13r3 < Y1

(2171 + a22%2 + a23r3 < Yo

a31T1 + az2x2 + azzrs < Y3,

show that the following operations are valid (a similar concept to (1), (2), and (3) in
Appendix A of Chap. 1):

(1) interchaging two inequalities,
(2) multiplying each term in one inequality by a positive constant,
(3) adding a positive multiple of one inequality to another.

Ans.:

(1) Anexample of simple operation is:

2121 + a2222 + a2373 < Yo
a11271 + a12T2 + a13r3 < (14.2)
a311 + azaT2 + azzrz < ys.

Up to here, the reader will think that there is no problem. However, if variables
were replaced as z1 < x5 and y; < yo, i.€.,

2271 + a2122 + a23r3 < Y1
a12%1 + a11272 + a1373 < Yo

a32%1 + az1T2 + azzrz < ys,
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the reader may be a little confused by this expression. In the following questions,
it should be noted that the numbering of variables in a mathematical model is not
S0 important.

(2) With respect to (14.2), consider the following simple inequalities:

f(x) <g(y), thatis, g(y)— f(z)>0.

When multiplying both sides of them by a positive constant (k¢ > 0), the following
inequalities are naturally valid:

k(g(y) — f(x)) >0, that is, kf(z) < kg(y).

Then, the proposition was proved.

(3) The equivalency for a positive multiple of one inequality was described in (2).
Therefore, the problem of adding one inequality to another is considered here. In
general, with respect to the following two inequalities:

0,
0

Vv 1V

{f1 (@) < giy), ie, ai(y)— fi(z)
fa(z) < galy), ie., g2(y) — fa(x)

)

the following inequality will be satisfied:
91(y) +92(y) — filz) — fa(z) 20, Pe, fi(z)+ f2(2) < 61(y) + 92(y).

Here, an example of a set of linear equations is shown below. Consider the following
two inequalities:

a1121 + a12T2 + a1323 < Y1 (14.3)
2121 + 22X + a23T3 S Y2 . (144)

If a;; > 0and ag; <0 (i.e., —ag1 /a1 > 0), the first inequality (14.3) can be given as
follows:

—a21%1 — a1t Ty — fa1fs r3 < _@yl' (14.5)
a11 a1 a1
By adding (14.5) to (14.4), the following inequality is obtained:
(azz B a21a12> o (a23 - a21a13> 25 < s — @yl_ (14.6)
ail ai a1

That is, a variable (1) has been eliminated. When multiplying both sides of (14.5) by
a11, the following inequality is obtained:

(an&zz - a12a21)$2 + (a11a23 - a13021)$3 < a11y2 — a21y1.

17



(6) In regard to a vector-matrix expression, Az < y, where

ailr a2 ais T1 Y1
az1 G2z a23|, = (X2|, Y= Y2,

az1 asz ass

A =
T3 Ys
show that the following operations are valid (a similar concept to (a), (b), and (c)) in
Appendix A of Chap. 1):

(a) interchanging two rows,

(b) multiplying each term in one row by a positive constant,
(c) adding a positive multiple of one row to another,

considering the influence on variables z; and y; (i, j = 1,2, 3).
Ans.:

(&) An example of interchaging two row is given as

a21 A2z 423

X1 Y2

/ /
A = |ayy a2 aiz|, == |z2|, Y = |0
a3y asz 33 €T3 Ys

When interchanging two variables (i.e., x1 < x5 and y; < 5), the above matrix
can be expressed as

G2 dA21 (23

T Y1

* * *
A" = laix a1 az|, == |z2|, Y = |y
azz azr 433 3 Y3

(b) The following exapression will be satisfied for & > 0 from (5).

kau kalg ka13

z1 ky1
A'=lan ax ap|, z=|z2|, y' = |m
az2 a3y ass €3 Ys

(c) From the comments in (5), if a11 > 0, az; < 0,and ag; <0 (i.e., —az1/a11 >0
and —as; /a11 > 0), the following inequality for a matrix expression is obtained:

ai;p a2 a13

T Y1
2 2 2
A(2) = 0 aéQ) aé?)) , L= T2, y(2) = yé : )
2 2 2
0 aff af 3 vs”
where
@ < a21a12> (2) ( a21a13>
Aoy = Q22 — —— |, Qg3 = | Q23 — —
a1 ajy
(2) ( 431012 ) (2) ( a31013 )
a3g = (G322 ——— |, Q33 = |A33 — ————
a11 ai1
yéQ) = yél) - (a21/a11)y17 yéz) =Ys — (a3l/a11)y1~

18



Furthermore, If o} > 0 and al) < 0 (i.e., —aly) /al? > 0), the following
inequality for vector-matrix expression can be obtained:

a1 a1z G13 T Y1
A(S) = 0 a‘gZQ) a%) , L= | T2, y(d) = yé2) )
DT R P )
where
2
a® = ( (2) agz)ags)>
33 = | Q33 ®)
P

y( ) — yg (a32)/a(2))

The expression of A(® is equivalent to (4.79), and is referred to as an upper
triangular matrix.

(7) Show that the condition of M-matrix is not influenced by the above operations (a), (b),
and (c).

Ans.:  From the proof of of Theorem 4.1, the condiltion of M-matrix for A is given
below.

agll) =A1=a11 >0

ailr a2
O REEAY az1 a2
Oy = —— = ——>0
Ay a1

ailr a2 ais
a21 A2z a23

A a3z1 asz2 ass L
agi) = AS =— >0, where a;; <0 (i # 7).
2 a1 a2
a1 a2

(a) With repect to interchanged matrix A*, the above condition will be written as
follows:

agll) = AT = a9y >0

a2 A21
a® _ A3 a2 an
Ay = A ave >0
1 a2

22 A21 (23
a12 air  a13

3) A3  |as1 asx ass
al =28 = 1581 792 T,
A3 ail a2
ai a2
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Here, aso > 0 must be satisfied, because a1; > 0 and ai1a20 — aj2a91 > 0.
Moreover, A5 = A, and A5 = As. Thus, it can be seen that the condition of
M-matrix is not influenced by interchanging two rows.

(b) When multiplying each element in one row (e.g. 1st row) of A by & > 0, principal

(©

minors of matrix A are given as

kau kalg ka13
a21 a22 a23
a31 a32 az3

kau kalg

Al = kA, Al =
1 P2 ay age

= kA, A= = kAs.

Therefore, the condition of M-matrix will not be influenced by multiplying a
positive constant.

From the postscript of (6) that was developed based on the operation (c), the
following results for principal minors of matrix A®) are obtained:

a1l a2 ais
21 AG22 23
azi1 asz ass

air a2
Ay =an, A= , Az =
az; a2

That is, it can be seen that the condition of M-matrix is not be influenced by the
operation (C).

Chapter 5 Multi-L oop Feedback Systems

(1) From Fig. 5.4, determine the 2x 2 loop transfer matrix which corresponds to W (3, q, z)
in Fig. 5.8.

AnS.

. From (5.44), W (8, q, z) is written as follows:

(I +ad)[I + (K + Bgd)G(2)C(2)] ' G(2)C(2),

where
S R (I A i R
o=[Gat) i) e[ el

Since

I+ (K + Bqé)G(2)C(z)
1+ (K1 + £1q10)G11(2)C1(2) (K1 + 81q10)G12(2)C2(2)
(K2 + B2q20)G21(2)C1(2) 14 (K2 + (2420)G22(2)Ca(2)
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Therefore,

[ + (K + Bgd)G(2)C(2)] "
|1 (K2 + £2420)Ga(2)Ca(2)  —(Ky + £110)G12(2)Ca(2)

| —(K+ ﬁgggé)Ggliz)Cl(Z) 14+ (K1 + f1¢10)G11(2)C1(2) /4.
Here,
A=+ (K + 51010)G11(2)C1(2)] - [1 + (K2 + 02920)G22(2) C2(2)]
— (K1 + £1410) (K2 + (2420)G12(2) G21(2) C1(2) Ca(2).
Moreover,

I+q6:|:1+ql5 0 :|

0 1+QQ5

(2) Show that if all principal minors in (5.15) and (5.48) are positive, all diagonal elements
become positive.

Ans.:  The condition of M-matrix must not be influenced by interchanging variables,
ie, z; « x; (¢ # j). Thus, agy (k = 2,--- ,n) will become positive when a;; > 0.
Nevertheless, the above proposition will be proved as follows. Obviously, the following
expression is valid from (5.17):

a1 a12 cee a1,n—1 x1 A1n Y1
a21 @22 cen a2 n—1 Z2 a2n )
+ Ty =
p—-1,1 Gpn—-12 .- An—-1n—1 Tn—1 Up—1,n Yn—1
z
T2
apl  Ap2 ... an,n—1:| . + ApnTn = Yn-
Tn—1
(15.1)
Therefore, if all principal minors of matrix
a1 @12 ce a1,n—1
a21 a22 cee a2 n—1
p—-1,1 OGp—12 ... Apn—1n—1

in (15.1) are positive (i.e., the (n — 1) x (n — 1) matrix is M-matrix), 0 < z; < oo
(¢ =1,2,---,n — 1) can be obtained for a;; < 0 (¢ # j) and 0 < z,, < oo. Thus,
ann > 0 must be satisfied for ,, > 0.
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(3) Prove that if the solution of the left side of simultaneous equations (5.16) is calculated

using some numerical method as 0 <z < oo, 0 <xy < 00, -+, 0 <z, < o0 (in
regardto g; > 0,5 =1,2,--- ,nand a;; <0, # j), then the matrix (5.15) becomes
an M-matrix.

Ans.: From (5.17),

N

o@Dzt 4 aDa, = 5

(n) n)

ann Tn = Zjn .

Then,
a1 = 5 — s — - — o,

1O O O S
asw, = gy
Thus, the following conditions can be obtained:

agll):a11>0, CléQQ)>O, agl")>0

n

as shown in (5.18).

(4) The colored area shown in Fig. 5.26 is given by the following (vector-matrix) inequality:

08 —03 —0.3] [ 3.6
0.1 0.8 —02| |2| < [3.9 (15.2)
0.1 —03 06 | |3 2.6

Confirm that the matrix of the left side of the above inequality is an M-matrix, and
determine that 0 < 1< 00, 0 < 25< 00, and 0 < x3< oo.

Ans.: Based on (5.17) and (5.18) (i.e., (4.79) in Chapter 4), a'¥), a?, and a3 for
(15.2) are as follows:

1 1 1 ~(1
a§1) aggz) agg) T 1/52)
0 ) | [es] = |52 153
0 0 afy] el g
Here,
a _ a _ a _
a;; =08, a;y =-03, a3 =-03
@ 1|08 -03 @ 1]08 —03
- —0.7625 - — —0.2375
“22 708101 08 © 98 T 08101 —0 ’
@ 1]08 —03 @ 1]08 -03
- — —0.3375 - — 0.5625
%2 70801 —03 » M3 7081201 06 ’
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and
@3 1 0.7625 —0.2375

%33 = 07625 |-0.3375  0.5625 |~ 09T
Then, the right side of (15.3) can be written as
08 —03 03 7 [n gt
0 07625 —0.2375| |zo| = |7?
0 0 0.4574 | |3 7

Obviously,

alV =08>0

0.8 —03
ag) N _—0.10 g 0.8
0.8 -0.3 -0.3

-0.1 08 -02
3) -0.1 —-0.3 0.6 ~0.279

0.61
= =2 07625 > 0
08 ~

= =0.4574 > 0.
s 08 —0.3 0.61 g
—0.1 0.8
Therefore, the matrix is an M-matrix.
Moreover,
7V =36
—0.1
i) =39- .3.6 = 4.35
_(3) ~0.1 —0.3375
=26— ——-36— —— -4.35 = 4. 4.
Y3 6= 55 30~ Qa4 TAIP

Thus, the following solutions are obtained in reverse order:

r3 = 10.878, x2=19.093, x;=11.989.

(5) Replace x5 with 23 (x2 < x3) and write the vector-matrix inequality that corresponds
to the above inequality in (4). Confirm that the matrix of the left side of this inequality
is an M-matrix.

Ans.:  The vector-matrix expression of the replaced inequalities is given as
08 —-03 —0.3]| |21 3.6

—0.1 06 —03] |2 2.6
—0.1 —-02 08| |as 3.9

A
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Then,

alV) =08>0

0.8 —-0.3
—-0.1 0.6
@2 T Ty

0.8 —-03 -0.3

—-0.1 06 —-0.3

3) -0.1 —-0.2 0.8 0.279

0.45
= —— =0.5625 >0
0.8

(
G5y = = =0.62 > 0.
08 —0.3 0.45
—-0.1 0.6
It can be seen that the matrix is an M-matrix.
(6) For a general vector-matrix expression, Az < vy, where
11 a12 ... Qin T U1
a1 Q2 ... Q2n T2 Y2
A= . . . . , L= . , Y= . )
an1 An2 e Apn e Yn

show that the following operations are valid in general:

(a) interchanging two rows,
(b) multiplying each term in one row by a positive constant,
(c) adding a positive multiple of one row to another,

considering the influence on variables =; and y; (¢,j = 1,2,--- ,n).
Ans.

(&) An example of interchanging two row is given as

@21 a2 ... 0A2p A Y2
ay; aiz2 ... Qin X2 Y1
A/ _ — —
- . . . . 9 r = . 9 y -
anl an2 CIEa Ann Tn Yn

When interchanging two variables (i.e., x1 < x5 and y; < s), the above matrix
can be written as

G22 Q21 ... Q2n x Y1
@11 Q@11 ... Qin T2 Y2
A = = =
- . . . . 9 T = . 9 y -
anl an2 o Ann Tn Yn



(b) The following expression will be valid for k£ > 0:

kagg k‘agl e kazn I kyl

t a11 aix ...  Qin Z2 kyo
Al = | . , s =0, y= .

apl A2 «o.  Qpp T kyn

(c) As shown in Chapter 4 (and (5.17)), if a;; > 0 fori = j and a;; < 0 for i # j,
the following processes will be valid:

1 1 1 1
alt) ag% aéé - yé;
0 a ...oa T2
Sl I I L (15.4)
0 0o ... aﬁf,? Tn, yﬁ”)
where
1 1
a® RS agl) a(lj)
iy (1 1 1
e o)
2 2
a3 _ 1 aé2) aéj)
ij T (2) | (2 2
agQ) az(‘z) az(‘j)
(n—1) (n—1)
(n) 1 Ap_1n—1 CLn—l,j L
% = mmn | wiy @) (BI=230.m).
Up—1n—1| %Gp-1 Qi

Moreover, the following are valid for the right side of inequality (15.4):

y§1) =4
(2) (1) aéﬁ) (1)
Yo =Y — U
M)
1
@) _ () oD Wy
Ys =Y3 — Yo — Ys
(1) (2)
ayy 5P
1 2 (n—1)
(n) _ (1)_0‘511) (1)_a£z2) 2 . Apn—1  (n—1)
Yn = = Yn 1 Ys e VY1 -
(1) (2) (n—1)
ayy P Ap—1n—1

(7) Show that the condition of the M-matrix is not influenced by the above operations (a),
(b), and (c) in general. (Refer to Exercises (5) and (6) in Chapter 4.)

Ans. Basic facts about determinants are given as follows (e.g., J. M. Ortega, Matrix
Theory - A Second Course -, Plenum Press, 1987, p.12):
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(i) If any two rows or columns of A are interchanged, the sign of the determinant
changes, but the magnitude remains unchanged.

(ii) If any row or column of A is multiplied by a scalar k, then the determinant is
multiplied by k.

(iii) if a scalar multiple of row (or column) of A is added to another row (or column),
the determinant remains unchanged.

From the above facts, it can be easily shown that the condition of the M-matrix (i.e.,
a(111> > 0, ag? > 0), ag‘?}) >0, -+, aby > 0in (5.18)) is not influenced by the
operations (a), (b), and (c).

Chapter 6 Interval Polynomials and Robust Perfor mance

(1) Show the relationship between characteristic equation F'(z) = 0 and F/(§) = 0, where

F(z) = 2* —[1.3,1.2]2% 4+ [0.7,0.8]z — [0.2,0.1] (16.1)

and
2 z-1
h oz41
Ans. First, let us define the following variable:

. h
5—5(5.

Then, (16.1), i.e.,

F(z) = 2" —[1.3,1.2]2* +[0.7,0.8]z — [0.2,0.1] = 0

can be expressed as

£\ 3 *\ 2 *
5 = Gfg) [1.3,1.2]<1J_r§*) +[0.7,0.8]G’_L§*>[0.2,0.1]0.
(16.2)

Multiplying both sides of (16.2) by (1 — 6*)3, the following interval polynomial (and
equation) is obtained:

F(5) := (1= 6*)*F(6*) = (14 6%)® — [1.3,1.2](1 + 6*)%(1 — 6*)
+[0.7,0.8](1 + 6)(1 — §*)* — [0.2,0.1](1 — 6*)* = 0,

which is a similar expression to (6.26) and (6.27).

(2) Show the relationship between pseudo-sectorial loci in the z-plane and sectorial lines in
the s-plane.
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Ans.  Sectorial and pseudo-sectorial areas in the s- and z-planes are given as shown
in Fig. 6.3. Here, pseudo-sectorial loci are given from (6.34) as

1+ (v +j)0
S 1—(y+4)0

where § = wh /2. On the other hand, sectorial lines in the s-plane are written as

=142y +NO0+2(y +5)20* +2(v+ 403 + - -+, (16.3)

z = o(HDWh — Q2040 — 1 L 9(y45)0+2(7+7)260%+ (fy—l—j)393+~ . (16.4)

Obviously, (16.3) is approximately equal to (16.4) for & — 0 (i.e., w — 0 or h — 0).

(3) With respect to the 2 x 2 feedback system as shown in Fig. 5.4, determine the (interval)
characteristic equation when Ny;(e1)/e; and Ngs(es)/eo are replaced with interval
gains [K; , K] and K , K], respectively.

Ans.  According to the expression of Fig. 6.1 and Example 6.1, the characteristic
equation of the interval system is given as (6.15), i.e.,
1+ [K7, K7]C1(2) G (2) + [K5 , K5]C0(2)Gaa(2)
+ (K7, K- (K Ky ]C1(2)Ca(2) G (2) Gaa(2)
— [Ky K] [Ky K |C1(2)Ca(2)Gra(2) G (2).

If each transfer function in Fig. 5.4 is expressed by the numerator and denominator
polynomials such as

_ Ni1(2) Nia(2) 2) — Nai (2) 2) = Nao(2)
Cu(2) 7]\%)1(1()2)’ Crz(2) = ND(12)(Z)7 G (2) = Doi(2)’ Ce(?) Das(2)’
G =y G =520

the characteristic equation is written as

1 2

+[KT, K{INei (2)N11(2) Dea(2) Daa(2) Dia(2) Doa ()
+[K5 , K| Nea(2) Nag(2) De1 (2) D11 (2) D12 (2) D2y (2)
+[K ™, KT]Ne1 (2)Nea(2)N11(2) Noo(2) D12 (2) Doy (2)
—[K ™, KT]N.(2)Nea(2)Ni2(2) Nai (2) D11(2) Dag(2) = 0,

where
(K=, K*] = [K{ Ky, K K] = [K{, K{] - [K5, Ko

(4) Show that the characteristic equations (6.6) and (6.7) are equivalent when C(z) and
K € [K~, K] are diagonal matrix with nonzero diagonal elements.

Ans.  Multiplying the square matrix in (6.6),
I+G()C()|K ,K"], (16.5)
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by

F=[K",K*C(z), (0<|det{F}| <o)

from the left and by

F 1=K K'|"'C2), (0<|det{F '} < o0)

from the right. Then, (16.5) becomes
I+[K ,K'C(2)G(2).

Thus the following expression is obtained:

det{I + [K~, K+]C(2)G(2)} = 0.

(5) Prove Lemma 6.2 using (6.53).

Ans. From section 6.6,

Sy 4+ al) v+ ag,
(

O b o+ b,

32 = ann.

Therefore, the sequence of ratios (6.53),

(@)

§< )
(v)

1 w) = 5’)v”*1+ +a§L 1v+a1n
)( ) Un_ + +b 1,n— 1U+b1n

Thus, the sequense shown in (6.54) is obtained. O

(6) Show that if and only if four (corner) polynomials,

FU(s) = agsg’ +afs?+ays+az
(s) =ags® +afs®+afs+az

FON(s)=als® +a;s®+ays+ad
(s)

ags® +ays? + ag s+ ag'

28

f1i)(U) T b(()lo +b0 A B b(()%

ST ) Rl i @ 1, (). 2 N0
vl fa" (v) lvl(ay vt 4+ ay 50 +~~) aj

%) B0, + 01 + - by

e Dy fim () (z - (%)
voteo [yl f(0) v ful(afhut +aShu 2 ) af),
1) o bf’len 1 +b§:)ln - bs:)flmfl

vt ol ) (v) v fufafot ash

(16.6)
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Fig. 16.1 A Kharitonov rectangle.

are stable, the following interval polynomial

F(s) = lag,al]s® + [a],a]]s* + [ag ,a3]s + [a3 ,aT] (16.7)

is stable.

Ans. This question corresponds to an example of the problem of Kharitonov Rectan-
gle. (See Appendix 6A.) When considering the imaginary axis, s = jw (w > 0), four
corner polynomials (16.6) are written as

where

On the other hand, interval polynomial (16.7) is rewritten as follows:

F(jw) = [P~ (w), P ()] +J[Q™ (w), QT (w)].

Therefore, four corner points for some w are given as



and the Kharitonov rectangle is drawn as shown in Fig. 16.1.

The necessity of the statement is clear, because the four corner points are included in
the rectangle. On the other hand, the sufficiency is proved as a simple case of Theorem
6.1. The proof is given from the zero exclusion of the Kharitonov rectangle. That is,
none of the edges of the rectangle pass through the origin.

(7) Show that the Routh series and Hurwitz deteriminant can be derived directly from
F(s) =aps" +a18"  + -+ an_15+an
by applying the division algorithm to
fo(s) = aps™ + ags™ 2 + - -
{fl(s) =" ags" 4
Ans.  The direct division process for fy(s)/f1(s) is given as follows:

) (ap/a1)s
a1s" M +azs" 3 4 azs" P+ Vaps" +ags" 2 4 ags" Tt 4
aps™ + (apaz/a1)s" 2 + (apas/ar)s™ 4 + -
a2,23"72 + a274s”74 + -y

where
a2 = a2 — (a0a3/a1)7 2.4 = Q4 — (aoas/al),

Next,
(al/a272)s

012)28”1_2 + a2’48n_4 + . \/alsTb—l + a35n—3 _|_ a587l—5 + .........
CL1S71_1 + (a1a2,4/a272)s"_3 + (a1a276/a272)8"_5 + -

a3738n_3 _|_ a3758n_5 + ...... s
where
asz = az — (a1aza/azp), azs = as — (a1a2,6/a22),
Moreover,

(a2,2/a3,3)5
a3735"*3 + a3,55”*5 —+ .- \/a2725"*2 + a2745n74 + a276$n76 + -
a228" "% + (agoa35/az3)s" 4 -
a4,4s"’4 + a4,6s"’6 +-

where

a4.4 = Q2.4 — (a272a375/a373), a4.6 = 02,6 — (a272a377/a373),
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Here, the tops of these polynomials correspond to Routh’s series, and are rewritten as

follows:
ay ag
a = a
2,2 ao  ap Jay
ai az a
1 3 5 a1 a3
azs = |ag az a4l
ap G2
0 a1 as
a1 az as a
al a3 a5 a7 @1 d3 05
0 2 4 6
aga = | /lag az ay
a1 ag as 0 a1 a3

0 apg Qa2 Qa4
(16.8)

ann = an, (because a, =0 for m > n).

As was shown in (6.94), each term of (16.8) corresponds to a Hurwitz determinant and
its principal minors.

Chapter 7 Relation to Discrete Event Systems

(1) Draw the state transition graph for a vending machine with four states and two events.
Show the events and states trajectories.

Ans. The set of states will be defined as
X =4{0,1,2,3},

where x = 0, 1, 2, 3 denote the stored amount in the machine by coins (a 1 or 2). Here,
let us consider that the set of events is given by

£ ={e',e*},

where e! (e?) denotes a 1 (2) euro coin being inserted into the coin slot. The state
transition graph is as shown in Fig. 17.2. In the figure, e2/1 indicates an event in which
a 1 euro coin is returned as change. The sets of event trajectories are written as

(1) {et el el e}, {et el e?}, {et,e?,el}, {e? el e}, {e? %}
(2) {et, et el e?}, {el,e?,e?}, {e?el,e?}.
Here, in the case of (2), one euro will be returned.

The above correction in the question (three — two) is based on that there is no 3 euro
coin. If (fictitious) 3 euro coin is considered, the set of events is given as

E= {61762763},
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1
el e

el

Fig. 17.2 Vending machine for question (1).

where e! (2 or %) denotes a 1 (2 or 3) coin being inserted into the coin slot. Therefore,
the sets of event trajectories become as follows:

(1) {61761761761}7 {61761’62}’ {61762761}7 {62761761}7 {61763}: {62762}7 {63»61}7
(2) {et el el e?}, {et el e3}, {et,e?,e?}, {e? el e}, {e? e®}, {e3,¢e?},
(3) {et, et et e3}, {et,e?,e3}, {e?,el,e3}, {e,e3}.

Obviously, in case (2) one euro and in case (3) two euro will be returned as change.

(2) Consider a machine with two buffers that can only process one part of one type at a time.

(i) Define the set of states and events.
(ii) Draw the state transition graph for the buffer machine.

Ans.

(i) Each set of states of the buffers is assigned as shown in (7.9),

Xl:{x(l)’ 37%, .’II%, }:{07172737}
XQ:{Iga l‘%, I%? }:{03172737}

First, consider the case of a series connection of buffers as shown in Fig. 17.3 ().
In this case, the set of events are given by £ = {e', €2, e3, e*, e}, where

e ¢! = “apartarrives in buffer 1”

e ¢ = “puffer 2 has received a part from buffer 1”

o ¢3 = “puffer 2 has received a part and a part arrives in buffer 1 at the same
time”
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Arriving parts

Buffer 1 . .
Arriving 1 Aurriving 2
Buffer 2
Buffer 1 Buffer 2
¢ / Y
Machine Machine
Parts output Parts output
@) (b)

Fig. 17.3 Machine with two buffers.

e ¢* = “the machine has finished processing a part”
e ¢° = “the machine has finished processing a part and buffer 2 receives a part
at the same time”.

(ii) The state transition graph is as shown in Fig. 17.4 (a). If a pair of the number of
parts is defined as a state of the buffers, the state transition graph is as shown in
Fig. 17.4 (b). The set of states of the buffers is assigned as follows:

X = {20 2t 2% 23 2t 2% 28 27 28}
= {(07 0)7 (1’ O)’ (270)’ (O’ 1)7 (17 1)’ (27 1)7 (07 2)’ (17 2)7 (2’ 2)}'

For simplicity, the number of parts in a buffer is restricted to 2 parts.
(1)’ Next, consider the case of a parallel connection of buffers as shown in Fig. 17.3
(b). In this case, the set of events are given by £ = {e!,e?,e3, e, e, €%}, where
e ¢! = “apartarrives in buffer 1”
e ¢ = “apart arrives in buffer 2”
e ¢% = “the machine has finished processing a part from buffer 1”
e ¢* = “the machine has finished processing a part from buffer 2”
e ¢° = “the machine has finished processing a part and buffer 1 receives a part
at the same time”.
e ¢ = “the machine has finished processing a part and buffer 1 receives a part
at the same time”.

(ii)” The state transition graphs that correspond to Figs. 17.4 (a) and (b) are left for
the reader.
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Fig. 17.4 State transition graph for question (2).
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Fig. 17.5 Petri net graph for question (3).

(3) Produce a Petri net model of the single buffer machine that is modeled in Sect. 7.3.2.

Ans.  An example of the production network with a buffer is given as shown in Fig.
17.5. Here, p; and p, are places in Buffer, and p3 and p4 are places in Machine.
Moreover,

p1) is the number of parts in Buffer,

o« M(p1)

e M(po) is a part counter for the buffer,

e M(ps3) is the number of parts being processed by Machine.
o M(pa)

py4) is the number of parts waiting to be processed by the machine,

(4) Show a candidate of Lyapunov (nonincreasing and non-negative) function in Sect. 7.6.

Ans.  There are some expressions for the multiple Lyapunov function. Here, consider
the following multiple metric:

where V;(x) (1 = 1,2,--- ,n) is defined as, e.g.,
Vi(x) := T Az,

that is, a quadratic form (See Appendix A in Chapter 1). When n = 3, an example of
the Liapunov function is given as

Vi(z) = ax? +bxi +cx®, a>0, b>0, ¢>0.

Furthermore, when A; is a singular matrix, the following functions can be defined in
the special case:



If the elapsed time ¢, is considered, the following multiple metric is defined based on
the above Lyapunov function:

il

th 1

IV @ty = i
Vit

where

[Vi(z(tr))lle, = ZV

(5) Describe the difference between sectors (7.35) and (7.37).

Ans.  From (7.31), the definition of f; is written as

fi(®(te), e(tr)) = fir(z(tr), e(t)) + fir(x(tr), €(tr)) + - - + fin(2(tr), €(tr)-

Here, each term f;q, fi2, - - -, fin Can be arbitrarily partitioned. Therefore, if inequality
(7.35), i.e.,
|fij(@,e)| _ -
Pij(t < 1y
| J( k)| | j (tk)| J

is determined, );; corresponds to a sector of transmission z; — f;. On the other hand,
if inequality (7.37), i.e.,
|fi(z,e)|

|z (te)l —

can only be determined, +;; becomes the sector of transmission z; — f;.

|[ii (tr)| =

< ¥

(6) Show that the matrix condition (7.41) is invariant, when considering (7.39) in the /.,

space, i.e.,
|2 (tk)loo = sup | (tx)|

keZ

and
|21 (tk) || oo
|22 (k) oo

e (tr)lle.. = .

Hxn(tk)Hoo

Ans. From (7.30), the following inequality can be obtained:

k
+ 1) @tk t)® (1) (i)

=1

llzlle. = |®(th, to)x(to)]len

Loo

k
< (1@ (tk, o)l [2(t0) | + (Zl‘ﬁ ) ) U - [z (te) e -

=1
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Therefore,

k
[I— (ZI‘P(tk»tz)I) ‘1’1 () llen = 1B (trs to)llens 2 (t0)]-
=1

In consequence, the stability condition is that (7.41) should be Ostrowski’s M-matrix.

(7) Show that the vector-matrix expression with non-negative elements as shown in Ap-
pendix B can also defined for multiple metrics or Lyapunov functions.

Ans.  The vector-matrix expresion of Lyapunov function was given in question (4).
With respect to the /., space, the multiple metric is, for example, defined as follows:

121 () |l eos

lz2(te)|lew
ll(te)lle. = : ,

lZn () [l o

where
li(te)lle. = sup |zi(te)]-
keZ

For matrix expression, the following can be defined:

[sup [11(te)|  sup [Pr2(te)] ... sup|tin(te)l]
keZ keZ keZ
sup [Y21 (k)| sup [vhaa(te)| ... sup|ton(te)]
||‘Il(tk)||€oo _ | kezZ kEZ kEZ
sup |¢n1 (tk:)| sup ‘¢7L2 (tk)| ... Sup ‘¢7Ln(tk)|
LkEZ kEZ keZ
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