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Abstract—The problem of feedback and oscillation in animals
and machines was once presented by N. Wiener. Since then,
the dynamcs of automatic (feedback) control and recent robotic
systems has been examined based on this concept. In this paper,
the stability of discrete (discrete-time and discrete-value) feedback
systems is considered adapting to the computerized age. The
stability condition of (nonlinear) discrete systems is derived by
using the extended small-gain-theorem with an arbitrary number
q. The relationships between this condition and Popov’s criterion
and Aizerman’s conjecture in continuous signals are discussed.
In numerical examples, some discrete time-responses and chaotic
oscillations are shown in relation to the size of sampling-period
and the magnitude of step-input.

I. INTRODUCTION

The problem of feedback and oscillation in animals and
machines was once presented in [1]. Equation (4.52) in [1]
corresponds to the sensitivity function (and return difference)
in [3]. Furthermore, (4.53) is corresponding to the small-
gain-theorem and the circle criterion in the recent control
theory [11], [12]. In fact the concept of stability for feedback
systems is already described in [1]. Although the content is
time series in the statistics, the harmonic analysis of discrete or
continuous signals is dealt with in [2]. With respect to discrete-
time signals, the analytical treatment of linear sampled-data
feedback systems was developed in the 1950s-1960s [6],
[7]. However, the theoretical analysis of discretized/quantized
(computerized) control systems has not been elucidated. Only
few results have been obtained, e.g.,[5], [8], [9].

In this paper, the stability of discrete-time and discrete-
value (discretized) feedback systems is reconsidered [15],
[16]. The relationships between this condition and Popov’s
criterion and Aizerman’s conjecture in continuous signals
are discussed. In numerical examples, some discrete time-
responses and chaotic oscillations are shown in relation to the
size of sampling-period and the magnitude of step-input.
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Fig. 1. Discretized nonlinear feedback system.
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Fig. 2. Discrete nonlinear control system.
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Fig. 3. An example of discretized nonlinear characteristic and stable sector.

II. DISCRETIZED FEEDBACK SYSTEM

The discretized nonlinear feedback system in question is
represented by a sampled-data control system as shown in
Fig. 1. Here, D1H; (H2Ds) denotes the discretization and
zero-order-hold, which are usually performed in A/D(D/A)
conversion, and G(s) is the transfer function of the linear
controlled system. It is assumed that the two samplers with
a sampling period h operate synchronously. ! The sampled-
data control system can be equivalently transformed into a
discrete feedback system as shown in Fig. 2. Here, G(z) is
the z-transform of G(s) together with zero-order-hold, and
D; and D5 are the discretizing units on the input and output
sides of the nonlinear element, respectively. > The relationship

1Of course, if nonlinear element N (+) is memoryless, sampler So and holder
Ho are not necessary.

’In any case, in the block diagrams, each variable, e.g., e(k) should
be considered a series of rectangular pulses with width h. Moreover, as a
usual block-diagram expression, the transformed function é(z) should be also
considered.



between e and vf = Ny(e) in the figure becomes a stepwise
(essentially point-to-point) nonlinear characteristic on integer
grid coordinates as shown in Fig. 3. Here, the resolution value
is chosen as 1.0.

In Fig. 2, each symbol e, u, ¥, --- indicates the sequence
e(k), u(k), y(k), ---, (k = 0,1,2,---) in discrete time, but
for continuous value On the other hand, each symbol ef, uf,

- indicates a discrete value that can be assigned to an integer
number, e.g.,

t € { a_3’y»_277
f € { 7_377_2’77

where -y is the resolution of each variable. Here, it is assumed
that the input and output signals of the nonlinear characteristic
have the same resolution in the discretization. In the figure, ef
and u' also represent the sequence ef (k) and uf (k). Without
loss of generality, in this paper, v = 1 is assumed. Thus, the
input and output variables of the nonlinear element can be
considered in the set of integer numbers, i.e.,

ef(k), u
Z:={ -

_’770a v, 2’77 37)}3
_7707 v, 273 3'77}7

(k) eZ

7_37_2a_1707172a3a"'}'

III. EQUIVALENT TRANSFORMATION

In this paper, the stepwise and point-to-point nonlinear
characteristic is partitioned into the following two sections:

Nyg(e) = K(e+v(e)), 0<K < oo,
lv(e)| < 7 < oo, e
for |e| < ¢, and
Ny(e) = K(e+n(e)), 0< K < oo,
[n(e)] < alel, 0<a<l, (2)

for |e| > ¢, where v(e) and n(e) are nonlinear terms relative
to nominal linear gain K. Equation (1) represents a bounded
nonlinearity which exists in a finite region. On the other hand,
(2) represents a sectorial nonlinearity of which the equivalent
linear gain exists in a limited range. Therefore, when we
consider the robust stability “in a global sense”, it is sufficient
to consider the nonlinear term n(e). Here, ¢ is a threshold of
the input signal e. As a matter of course, (1) and (2) must be
sa):tisﬁed with respect to the discretized value e = ef because
el €e.

Based on the above consideration,

the following new
sequences ¢*T(k) and w*T(k) are defined:

et(k)y=¢'(k)+q- %, 3)
eT
T (k) = () — ag- 25 ). @

h

where ¢ is a non-negative number, €' (k) and w' (k) are neutral
points of sequences ef (k) and w'(k),

T Tk —
e (k)+; (k 1)7 )

wh wh(k —
o (k) = (k:)+2(k 1)7 ©)

108 CYBERNETICS

which appears in its most typical form when the
t, and indeed often seems to he greatly mitigated
when he attempts to perform a specific task. There are surgeons
with Parkinsonism who manage to operate quite cfficiently.
Parkinsonism is known not to have its origin in a discased condition
of the cerchellum, but to be associated with a pathological focus

of these must have their ori
em situated very differently.
cyberneties is to disentangle
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its advantage, as we have
ess dependent on the load.

Let us consider that the load changes the characteristic A hy dA.
The fractional change will be dA/A.  If the operator after feedback
is
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Thus feedback serves to diminish the dependence of the system on

the characteristi
frequencies for w

f the motor, and serves to stabilize it. for all
hich
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>1 (4.53)
This is to say that the entire boundary leb\\\ev\ interior aml exter u\
points must lie inside the rmle of
This will not even be true in the
The effect of a heav; ne\.m\vlcﬁr )
to increase the stability of the system
generally at the expense of its stability for some high frequencies.
There are many cases in which even this degree of stabilization is
advantageous.

A very important question which arises in connection with oseilla-
tions due to an excessive amount of fecdback is that of the frequency
of incipient oscillation. This is determined by the valuc of y in the

Fig. 4. Chapter 4 (page 108) in Cybernetics by N. Wiener.

and Aef(k) is the backward difference of sequence ef(k),
Aef(k) = ef (k) —ef(k—1). (7

In this study the following assumption for the sequence is
provided.

Assumption. The absolute value of the backward difference
of sequence e(k) does not exceed the resolution value 7, i.e.,

|Ae(k)| = le(k) —e(k —1)] <. ®
If the assumption is satisfied, Ae(k) becomes exactly 4~ or
0 because of the discretization D;. [

The relationship between equations (3) and (4) in regard to
the continuous values is shown by the block diagram in Fig.
5. In this figure, ¢ is defined as
2 1—271
2.z 9
h 1+271 ©
Equation (9) corresponds to the bilinear transformation be-
tween z and §. Thus, the loop transfer function from w* to e*
can be given by F(q,q, z), as shown in Fig. 6, where

(1+4d(2))KG(2)
14+ (1 4+ agd(2))KG(z)’
and 1/, d’ are transformed exogenous inputs. Here, the vari-
ables such as w*, «' and g’ written in Fig. 6 indicate the
z-transformed ones. Obviously, when ¢ = 0, equation (10)

becomes equivalent to the complementary sensitivity function
of the nominal feedback system shown in Fig. 2, i.e.,

KG(z)
1+ KG(2)
Note that the return difference and the sensitivity function of
the nonmial system are given respectively as follows:

1
14+ KG(2)

§(z) :=

Fla,q,2) = (10)

Se(z) = an

R(z) =1+ KG(z), S(z)=1-5.(2)=
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Fig. 5. Nonlinear subsystem.
r+ e* w*
2@, n ()
/ u/ d/
Y Fla,q,2) :
+

Fig. 6. Equivalent feedback system.

These concepts were presented in [1]. A copy of the book is
shown in Fig. 4.

IV. TRAPEZOIDAL SUMMATION

In this section, some lemmas for norm inequalities are pre-
sented. Here, we define the following new nonlinear function:

f(e) :==n(e) + ae. (12)

When considering the discretized output of the nonlinear term,
wt = n(el), the following expression can be given:

flef(k)) = wT(k) + el (k). (13)

From inequality (2), it can be seen that the function (13)
belongs to the first and third quadrants. Considering the
equivalent linear characteristic, the following inequality can
be defined:

0< (k)= f(;((]f;)) < 2a. (14)

When this type of nonlinearity J(k) is used, inequality (2) can
be expressed as

wh(k) = n(el (k) = Wk) - a)el (k). (1)

For the neutral points of ef(k) and w'(k), the following
expression is given from (13):

S E) + f(ef (k1)) =

Moreover, equation (15) is rewritten as

w' (k) = (9(k) — )" (k).

(k) + aef(k).  (16)

Since [e' (k)|
when a round-

< |e(k)|, the following inequality is satisfied
down discretization is executed:
@' (k)] < ale’ (k)] < afe(k)|- a”n

Based on the above premise, the following norm inequali-
ties are examined.

Lemma 1.
integer p:

The following inequality holds for a positive

@ (k)ll2p < alle" (k)l|2p < lfe(®)ll2p- (18)

Here, ||-||2,, denotes the Euclidean norm, which can be defined

by
1/2
(k) 2, = (Zﬁ ) :

Proof. The proof is clear from inequality (17). [

Lemma 2. If the following inequality is satisfied in regard to
the inner product of the neutral points of (13) and the backward
difference (7):

(w' (k) + ae'(k), Ael (k) ), >0, (19)
the following inequality can be obtained:
1@ (k) |2, < alle™ (k)2 20)

for any ¢ > 0. Here, (-,-), denotes the inner product, which
can be defined as

(@1(k),w2(k) )p =D w1(k)ws(k)
k=1

Proof. The proof is given in [14], [17]. O

Inequality (20) is satisfied by using the left inequality of
(18). With respect to the input of n*(-), the following can be
obtained from the second inequality of (18):

1@ (k) |2, < alle” (K)]|2.p, 2D
when inequality (19) is satisfied.

The left side of inequality (19) can be expressed as a sum
of trapezoidal areas.

Lemma 3. For any step p, the following equation is satisfied:
a(p) = ET(/f) +ae (k), Ael (k) )y

}: + f(ef(k—1)))Ael (k). (22)

Proof. The proof is clear from (16) [

[\3\»—!

Figures 7 (a) and (b) show examples of the sum of
trapezoidal areas for f(e), when e is a sinusoidal input with
amplitude 9.5, i.e., e(k) = 9.5 sinwk (w:an arbitrary number).

(a) The sinusoid starts from 0 to 9.0, and then decreases to
5.0.

(b) The sinusoid starts from 0, passes 9.0, 0.0,
increases to —5.0.

—-9.0, and

In any case, the sum of trapezoids will be cancelled.

In general, the sum of trapezoidal areas holds the following
property.

Lemma 4. If assumption (8) is satisfied in regard to the
discretization of the control system, the sum of trapezoidal
areas becomes non-negative for any p, that is,

a(p) > 0. (23)
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Fig. 7. Non-negative characteristics of trapezoidal summation.

Proof. Since f(ef(k)) belongs to the first and third quadrants,
the area of each trapezoid

r() = S (F(E () + F(f (k= D)AE) @4

is non-negative when e(k) increases (decreases) in the first
(third) quadrant. On the other hand, the trapezoidal area 7(k)
is non-positive when e(k) decreases (increases) in the first
(third) quadrant. The sum of trapezoidal area is given from
(22) as:

a(p) =Y 7(k). 25)
k=1

Therefore, the following result is derived based on the above.
The sum of trapezoidal areas becomes non-negative, o(p) > 0,
regardless of whether e(k) (and e (k)) increases or decreases.
The detailed explanation of the proof is given in [14], [17]. O

V. STABILITY CONDITION

From the equivalent loop characteristic as shown in Fig. 6,
the following inequality can be given for z = e/*":

. _ —
[l < erlF ()l + calld ()2
+5p|F(a,0,2)| - [T ()], 26)

- )
Here, 7(z) and d (z) denote the z-trafor the neutral points of
sequences r’(k) and d’(k), respectively. Moreover, ¢; and co
are positive constants.

By using inequality (21), the following expression is ob-
tained:

2,p

(1 sup P2 ) o)

< 1| (2) o.p + 210 (2) 2, @7

Therefore, if the following inequality (i.e., the small gain
theorem with respect to {5 gains) is valid:

|F (v, q, ") < 1/, (28)

the sequences e*(k), e(k), e(k) and y(k) in the feedback
system are restricted in finite values when exogenous inputs
r(k), d(k) are finite and p — oo.

By applying the small gain theorem to the transformed
loop characteristic with an arbitrary non-negative number g,
the robust stability condition of the discrete nonlinear feedback
system is derived based on (8).

Theorem 1. If there exists a ¢ > 0 in which the sector
parameter « in regard to nonlinear term n(-) satisfies the
following inequality, the discrete-time control system with
sector nonlinearity (2) is robust stable in an /5 sense:
a < n(qw):=
—qQV + /@PPV2+ (U2 + V2){(1+U)2 + V?}
U2 +Vv?2 ’
Yw € [0,w.], we:

cutoff frequency (29)

when the linearized system with nominal gain K is stable.
Here, Q(w) is the distorted frequency of angular frequency w
and is given by

5(e4jwh) = jQw) = j%tan <w2h> , Jj= \/jl (30)

In addition, U(w) and V(w) are the real and the imaginary
parts of K G(e’“"), respectively.

Proof. By substituting (10) into inequality (28), the following
is obtained:

‘ (1+5gQw)) KG (/")
14+ (1+ jagQ(w))KG(eiwh)
From the square of both sides of inequality (31),
A1+ (U +V?) < (14U —agQV)? +(V +aqQU)?
Then,

AU+ VA +20gQV — {1+ U?) + V3 <0.  (32)

<1 31)
(6%

Consequently, as a solution of inequality (32),

—gQV + VPPV + (U2 4 VA {(1+U) +V?)
a <
U24v?

can be given. J

Since inequality (29) in Theorem 1 is for all w (and 2)
considered and a certain ¢, the condition is rewritten as the
following max-min problem.

Corollary. If the following inequality is satisfied, the discrete-
time control system with sector nonlinearity (2) is robust
stable:

a <n(qo,wo) = max min 7(g,w), (33)



when the linearized system with nominal gain is stable. [

Naturally, the stability condition becomes that of
continuous-time and continuous-value nonlinear control sys-
tems, when the sampling period h and the resolution -y
approach zero. Inequality (29) in Theorem 1 corresponds
to Popov’s criterion for discrete-time systems and contains
the circle criterion for nonlinear time-varying (discrete-time)
systems in a special case. The relationship between them will
be described in the next section.

VI. RELATION TO POPOV’S CRITERION

Inequality (31) can be rewritten as follows:

aH(a,q, ej“h)

- <1, 34
T+ ol (a, ¢, 0=") G

where

(1+7jqQ(w))KG(e7*")
1+ (1— a)KG(eiwh) -

H(a,q,e"") =
From (34), the following inequality is obtained:

20 - R{H(c,,q, ")} +1>0. (35)

Therefore, the following robust stability condition can be
given:

gfl+t0+ ) KG(e7°h) + 2jaqQ(w) KG(e/") -
14 (1 - a)KG(eiwh) '
(36)
which is equivalent to inequality (29). When a = 1 is chosen,
inequality (36) can be written as follows:

1

sk T R{(1 + jgQw))G(e?*M)} > 0. (37)

In this case, the allowable sector of nonlinear characteristic
N(-) is given as

0< N(e)e <2Ke*, e#0. (38)
When h approaches zero (or w is a low frequency), inequalities

(37) and (38) are equivalent to an expression of Popov’s
criterion for continuous-time systems.

In case of ¢ = 0, the left side of (29) becomes the inverse
of the absolute value of complementary sensitivity function
(11) for z = eIwh.

A+ U2)+vE 1
0= e Y
On the other hand, from (36)
1+ (14 a)KG(e?¥h)
R { (1= Ka(@h) [ 0 (40)

is obtained. Inequalities (39) and (40) correspond to the circle
criterion for nonlinear time-varying systems.

2ol
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Fig. 8. Discretized nonlinear characteristic and stable sector for Example-1.

VII. VALIDITY OF AIZERMAN’S CONJECTURE

In the following case, Theorem-1 becomes equal to the
robust stability condition of the linear interval gain that cor-
responds to Aizerman’s conjecture which was extended into
discrete-time systems.

If the right side of (33) is satisfied at the saddle

aq 4=4go,wW=wo

inequality (29) of Theorem-1 becomes equal to the robust
stability condition provided for a linear time-invariant discrete-
time system.

Theorem 2.
point,

Proof. This theorem can easily be proven by using the right
side of (29). Then,

On(g,w) _ —1(g, w)QUw)V (w) @)
dq V@022 + (U2 + V){(1+ U)2+ V2
From (41), the following can be obtained:
1(qo, wo)2(w)V (wo) = 0. (43)

Obviously, n(g,w) > 0. Moreover, since 0 < wy < 7/h,
Q(wo) > 0 from (30). Then,

V(wg) =0 44)
is obtained. Thus,
|14+ U(wo)|
,wp) = —————— >« 45

Inequality (45) corresponds to the stability condition which
was determined for the time-invariant discrete-time system
with a linear gain, i.e., the Nyquist stability condition for a
discrete-time system.

Theorem 2 shows that the robust stability condition for
a linear time-invariant system (the concept of interval set)
can be applied to nonlinear discrete-time control systems,
when (41) is satisfied. However, (33) is not always valid at
the saddle point iven in (41). In the following example, it
can be shown that there are counter examples of Aizerman’s
conjecture extended into the nonlinear discrete-time systems.
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Fig. 9. Phase trace (e(k), Ae(k)) when 0.077 and r = 0.2.

t=k

Fig. 10. Step response e(k), ef (k), when h = 0.077 and r = 0.7.

VIII. NUMERICAL EXAMPLES
Example 1. Consider the following continuous system:
K 5
G(s) = p(s+5) K, =1.0. (46)

s(s+1)(s+2)’

Here, the same nonlinear characteristic is chosen as shown in
Fig. 8. When the threshold € = 2.0 is specified, the sectorial
area of the stepwise nonlinearity for ¢ < |e| < 35.0 can be
determined as [0.5,1.5].

In this example, the sampling period is chosen as h =
0.077. The max-min value can be calculated as follows:

mgxn(q,wo) = 1(qo,wo) = 0.5,

when the nominal gain K = 1.0. Hence, inequalities (29) and
(33) are given by o < 0.5, and the stable area is determined as
[0.5, 1.5]. This sector agrees approximately with the above area
as shown in Fig. 8. Since the stability region of control systems
with linear gain K is given as 0 < K < 1.5, the discrete
nonlinear feedback system in question is valid for Aizerman’s
conjecture extended into the nonlinear discrete-time systems.

Figures 9 and 10 show a phase trace®and a step response

3When h — 0, the phase traces correspond to trajectories in the phase
plane for a continuous system.

Fig. 11. Output signals v(k), vT(k), and trapezoidal summation o (k).

Ae(k)

1
# o & on & a & a4 oa

Fig. 12. Phase traces (e(k), Ae(k)) when h = 0.15 and r = 2.0, 7.0.

for e(k) (and ef(k)). As shown “small circles” in Fig. 9, the
differences of discretized signals, AeT(k), are traced only on
+1 or 0. In this case, phase trace (e(k), Ae(k)) with respect
to continuous-value output y(k) converges to a (pseudo) limit
cycle as shown in Fig. 9. Figure 11 shows the output sequences

of nonlinear element f(-) and the sum of trapezoidal areas
o(k).

On the other hand, when a larger sampling period, e.g,,
h = 0.15 is chosen, a belt-like limit cycle (chaotic oscillation)
may occur as shown in Fig. 12. In this case, step responses for
e(k) (and ef(k)) is shown in Fig. 13. The output sequences
of nonlinear element f(-) and the sum of trapezoidal areas
o(k) are calculated as shown in Fig. 14. Figure 15 shows
Aet(k) when the sampling period & increases from 0.01 to
0.75. Obviously, assumption (8) is satisfied for at least h <
0.15. Of course, the valid region and chaotic behaviors will be
dependent on the magnitude of input r.

Example 2. Consider the following controlled system:
K,(—s+8 4
s(s+0.2)(s + 16)

The same nonlinear characteristic is chosen as shown in Fig.
8 for Example 1. When the threshold ¢ = 2.0 is specified, the
sectorial area of the stepwise nonlinearity for ¢ < |e| < 35.0

K,=10. (47
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Fig. 13.
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Step responses e(k) and ef (k) when h = 0.077, r = 0.2 and
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Fig. 14. Output signals v(k) and trapezoidal summation o (k).

Fig. 15. Backward difference Aef (k) vs. sampling period h for r = 2.0.
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Fig. 16. Discretized nonlinear characteristic and stable sector for Example
Ae(k)
1
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Fig. 17. Phase trace (e(k), Ae(k)).

can be determined as [0.5,1.5] as shown in Example 1. Also
in this example, the sampling period is chosen as h = 0.077.
The max-min value can be calculated as follows:

m;ixn(%wO) = 77((]07000) = 02857

when the nominal gain K = 1.0. Hence, inequalities (29) and
(33) are given by a < 0.285, and the stable area is determined

s [0.715,1.285]. This sector does not contain the above area
[0.5,1.5] as shown in Fig. 16.

Incidentally, the stability region of control systems with
linear gain K is given as 0 < K < 1.5 when the sampling pe-
riod is h = 0.077. Thus, the discrete nonlinear feedback system
in question corresponds to a counter example of Aizerman’s
conjecture. In this case, a phase trace and a step response are
shown in Fig. 17 and 18, respectively. The output sequences of
nonlinear element f(-) and the sum of trapezoidal areas o (k)
are calculated as shown in Fig. 19. Figure 20 shows Aef (k)
when the sampling period h increases from 0.01 to 0.75. In
this case, assumption (8) is satisfied for A < 0.12. Of course,
the valid region and chaotic behaviors will be dependent on
the magnitude of input 7.

IX. CONCLUDING REMARKS

In this paper, the stability of discrete-time and discrete-
value (discretized) feedback systems was considered, and the
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Fig. 18. Step responses e(k), ef(k), when h = 0.077.
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Fig. 19. Output signals v(k), vT(k), and trapezoidal summation o (k) when
h =0.077.
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Fig. 20. Backward difference Aef (k) vs. sampling period h for r = 4.0.

occurrence of (chaotic) oscillation was discussed in relation to
the size of sampling period and the magnitude of input.

In this study, a non-conservative sufficient condition for the
stability of discrete feedback systems is derived by applying
the concept of robust stability in our previous paper [13]. The
stability condition is, however, not satisfied for the entire area
of the input of nonlinearity N;(e) because of the stepwise
and point-to-point characteristic. Even if the response seems
to be asymptotic, there may remain a fluctuation (a sustained
oscillation in the discrete time) or an offset. Of course, a
divergent response that reaches the sustained oscillation may
occur. These responses will be typical nonlinear phenomena.

The theorems (and corollary) derived here should be con-
sidered as the (robust) stability condition in a global sense. In
addition, it is valid based on an assumption in the relationship
between the sampling period and the system dynamics. The
author believes, however, that this result will be useful in
designing a discrete (digital, packet transmission) control and
communication system in practice.
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