2013 American Control Conference (ACC)
Washington, DC, USA, June 17-19, 2013

Robust Stabilization of Discrete Model-Reference Control Systems
on Integer Grid Coordinates

Yoshifumi Okuyama

Abstract— This paper describes a robust stabilization prob-
lem of discrete model-reference control systems on integer grid
coordinates. Currently, all feedback control systems are realized
using discretized signals. However, the analysis and design of
discrete-time and discrete-value (point-to-point) control systems
has not been established. In this paper, the robust stability
of that type of discretized control systems is examined in a
frequency domain. A robust stability condition for such discrete
control systems with multi-nonlinearity is derived by applying
Ostrowski’s M-matrix. Using these results, the stabilization
and design of model-reference control systems is performed.
It can be seen that the model-reference control using a second-
order lag system is equivalently transformed into a traditional
PID control scheme. Numerical examples for discrete model-
reference control are provided to verify the design method.

I. INTRODUCTION

At present, all feedback control systems are realized using
discretized (discrete-time and discrete-value) signals. How-
ever, the analysis and design of discretized (point-to-point)
control systems has not been entirely elucidated. An attempt
to elucidate the quantized control systems was presented first
in a paper [1]. Since then, the problem of mitigating the
quantization effects in quantized control systems has been
studied [2], [3], [4], [5]. However, few results have been
obtained for the analysis and design of that type of nonlinear
discrete-time control systems [6], [7].

In our previous papers [8], [9], [10], the robust stabi-
lization of nonlinear discrete-time and discrete-value (dis-
cretized) control systems was examined in a frequency
domain. In the study, a traditional (discrete-time) PID control
scheme was used in the controller design. Moreover, based
on model-reference feedback structure a design method of
such discretized control systems was presented in [11]. In
the study, it was shown that the model-reference feedback
using a second-order lag system is equivalently transformed
into a PID control scheme. In this paper, the robust stability
of that type of discretized control systems is examined in
a frequency domain. A robust stability condition for such
discrete control systems with multi-nonlinearity is derived by
applying Ostrowski’s M-matrix [12]. Using these results, the
stabilization and design of model-reference control systems
is performed.

II. DISCRETIZED MODEL REFERENCE FEEDBACK

Model-reference feedback structure for a robust control
system was once proposed by the authors [13]. A discrete-
time version of the model reference feedback was presented
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Fig. 1. Discretized model-reference feedback control system.

in [14]. In this paper, a discretized model reference control
system as shown in Fig. 1 is examined. Here, P(s) is a
continuous-time and continuous-value plant, and P(z) is the
z-transform of P(s) together with the zero-order hold . In
addition, N,(-), Dp1 and D,y are a nonlinear continuous
element and the input/output discretizing units which are
performed in A/D (D/A) conversion. Moreover, P,,(z) is the
plant model and F'(z) is the feedback compensator. D, ()
and Dy (-) are the nonlinear discretized elements of the model
and the compensator, respectively.

In the figure, each symbol e, v, indicates the
sequence e (k), v1(k), --- (k=0,1,2,---) in discrete time,
but for continuous value. On the other hand, each symbol ei,

UI, --- indicates a discrete value that can be assigned to an
integer number,T e.g.,
€ € { 772777"%07 v, 277}7
UIE{"'7_2'77_7a01 v, 273}7 (1)

where 7 is the resolution of each variable. An example of the
discretization characteristics Dj1, D2, and the discretized
characteristic v] = Dy(e1) is depicted as shown in Fig. 2.
Here, without loss of generality, the resolutions in D, and
D, are assumed to be v = 1.0, and the continous nonlinear

curve N, (-) is chosen as a sigmoid function.
III. MODEL SYSTEM AND BILINEAR TRANSFORMATION

In this study, the model of plant, P,,(z), is assumed to be
a second-order lag system, e.g.,

A 1
Ph(z)=Pnh(0) = ——, 2
()= Pul®) = T 55 T @
where ¢ is the following bilinear transformation:
2 -1
=3 z+ 1 (h : sampling period). 3)

Here, 'y and C5 are the design parameters of the model
system.
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Fig. 2. Discretization for a nonlinear characteristic.

T

Fig. 3. Equivalent expression (¢ = e; — e1: a sawtooth signal).

The z-transform expression of (2) is given by
h2(z +1)2

P’m(z) =

Obviously, § approaches Laplace transform variable s, when
the sampling period is h — 0.
The operator § has the following properties:
h 1 -1
1) Since 67! = 21 tz
the input and output sequences, z(k), y(k), (k =

0,1,2,---) can be written as:

y(k) =y(k —1) +

This transformation corresponds to a trapezoidal sum-
mation (integration).

, the relationship between

S -1, ©)

2) On the other hand, with respect to operator §, the
following relation is obtained:

y(k) = (k= 1) + 2 (k) 2k~ 1) (©)

In the frequency domain, & can be expressed by pure
imaginary number as follows:

5(e7*h) = jQ(w) = j%tan (%) , i=vV-L M

where (2 is a distorted frequency of w.
In this paper, hereafter, variables and transfer functions of
z will be expressed by d based on

1+ (1/2)hé
11— (1/2)hs’

h2(z4+1)2 +2C1h(z+1)(2 — 1) +4Cs(z — 1242)'

IV. DISCRETIZED NONLINEAR CHARACTERISTICS AND
INEQUALITY CONDITIONS

The input/output discretization processes and the dis-
cretized nonlinear characteristics are illustrated as shown in
Fig. 2. The nonlinear characteristics can be partitioned as
follows:

UI =Dyle D:K‘ﬁ +91(e1) 0< K <oo, (8)
lwi| = |gi(e])| < 00, for |el| <ei, )

[wil = lg1(e])| < Bulel], for lef| = e (10)

Since the input-side discretization is equivalently represented
as shown in Fig. 3, the input signal is considered at an
integer, e; = ei (Here, wi is not always an integer though
t is attached to the symbol.)

In these inequalities, when analyzing the robust stability
in a global sense, it is sufficient to consider the nonlinear
term (10), because the nonlinear term (9) can be treated
as a disturbance signal. In this study, since the nonlinear
characteristic (8) is assumed to exist in the first and the third
quadrant, the sector parameter (5; should be considered in
0<B3 LK.

In regard to the model system, the discretized nonlinear
characteristic can be expressed as:

v} = Dpn(e}) = Kmeb + galel), 0< K, < od(l1)
|w£\ = \gg(eg)\ < oo, for |e£| < &9, (12)
wi| = |g2(e})| < Balel], for |e}] > e, (13)

and 0 < By < K,,. Moreover, in regard to the feedback
compensator, the following expression can be given:

=Dy (el) = Kref + gs(el), 0< Ky <oo(14)
|w§\ = \gg(eg)\ < oo, for |e;§| < g3, (15)
wi| = |gs(e])| < Bslel], for |el] >es,  (16)

and 0 S ﬁg S K f-

Therefore, the robust stability of discretized systems as
described above is analyzed based on the inner-product and
norm analysis in the /o space. With respect to (10), the
following new nonlinear function can be defined':

files) :==gile;) + Bi-ei, 1=

When considering the dlscretlzed output of the nonlinear
characteristic, w;r = gi(e ), the following expression is
given:

1,2,3. (17)

file} (k) = wl (k) + B; - ef (k).

From inequality (10), it can be seen that (18) belongs to the
first and third quadrants.

For the neutral points of e;f(k:) and wj (k), the following
expression can be given from (18):

el (k) + filel(k — 1)) =

(18)

%(fi( w! (k) + B -2l (k), (19)

Hereafter, only 4 = 1 is considered.
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o) = WE el =) 0 el Tel(k=1)
(3 2 s &4 9

(20)
Then, the trapezoidal area of one-step transition on integer
grid coordinates, f;(e), is written as follows:

(k) = 5 (el (R) + filel (6 — 1)l (h)
= (@] (k) + fie} (k) Ae] (),
Here, Ae;r(k) is the backward difference of sequence e;-f(k).
Aef(k) = el (k) — el (k= 1).

Since f (ej(k)) belongs to the first and third quadrants, the
area of each trapezoid 7;(k) is non-negative when e;(k)
increases (decreases) in the first (third) quadrant. On the
other hand, the trapezoidal area 7;(k) is non-positive when
e;(k) decreases (increases) in the first (third) quadrant.

In our study, the following assumption is provided with
respect to the discretized responses on the integer grid
coordinates.

2L

[Assumption] The absolute value of the backward difference
of sequence e(k) does not exceed 7, i.e.,

|Aei(k)| = lei(k) —ei(k —1)[ <. (22)

If condition (22) is satisfied, Aef(k) is exactly +v or 0
because of the discretization. That is, the absolute value of
the backward difference can be given as

|Ael (k)| = lel(k) —el(k—1)] =~ or 0. O

(3

This assumption states that each point of the response traces
on adjacent points in the integer grid coordinates.
Consider the following sum of trapezoidal areas:
p
oi(p) = Y mi(k).

k=1

(23)

If the above assumption is satisfied with respect to the
discretization of the control system, the sum of trapezoidal
areas, o(p), becomes non-negative for any p. Since the
discretized output traces the same points on the stepwise
nonlinear characteristic, the sum of trapezoidal areas is
canceled when ¢;(k) (and e;r(k:) decreases (increases) from
a certain point (ej(k), fi(eg (k))) in the first (third) quadrant.
(Here, without loss of generality, the response of discretized
point (ej-(k),fi(e;((k:))) is assumed to commence at the
origin.)
From equation (21), the sum of trapezoidal areas can be
expressed as follows:
p
7i(p) = 5 S (Alel (k) + el — 1) Ael (k)
k=1
= (! (k) + el (k). AEl(B) ),

Here, (-,-), denotes the inner product in the ¢5 space,

(24)

P

(k) y(k) )p = D x(k)y(k).
k=1

1 ot gl
€ij 14 o |6l gr () Wiy 1w
| + |
| |
i |
| Biqid |
L] L gile])

Fig. 4. Nonlinear subsystem (¢ = 1, 2, 3).

In order to derive the robust stability condition, the fol-
lowing new sequences are considered here:

T
&) =2k +ai- 220, @s)
T
w; (k) =, (k) — Big; - Ac (k) (26)

h )
where g; is a non-negative number. The relationship between
equations (25) and (26) is as shown in Fig. 4.

Based on these sequences, the following lemma is given
[15], [16]:
[Lemma] If the following inequality is satisfied with respect
to the inner product of the neutral points of (18) and the
backward difference:

(W] (k) + Biel (k), Ael (k) ), = 0, 27)
the following inequality can be obtained:
1@ W)z < Bille" (B) 2 < Bille; (K)o (28)

for any ¢; > 0 and p — oo. Here, | - |2, denotes the
Euclidean norm, which can be defined by

» 1/2
2 = (le(k>l2> .
k=1

(Proof) The following equation is obtained from (25) and
(26):

(k)]

Bl (k)13 — 1w (k)13
= B llel (k)13 — @l k)3,
+ Gt (k) + iz (), Ael ().
From (10), (13), and (16), the following holds:
] (k)ll2.p < Bille] (k) 2.
Thus, the following inequality can be obtained from (27)
1 (k)2 < Billes" () [2,p- 30)

Since |[ef (k)]|2p < |lei(k)||2p for p — oo, the following
inequality holds in the frequency domain based on Parseval’s
formula?:

(29)

e (812 = 11 + aid] - [[e] ()2
<1+ aid] - [2:(9)ll2 = [I&7 (9) ]2

Then, |[€;T(k)||2, < |[€5(k)||2,, and thus the right-side of
inequality (28) is satisfied. [

2Hereafter, § is considered jQ2(w) as shown in (7)
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V. VECTOR-MATRIX EXPRESSION FOR
MODEL-REFERENCE CONTROL

The model-reference control system as shown in Fig. 1 is

given by the following vector-matrix expression:
e2(8)| = |0] r(6)+ 0 P..(5) 0 u2(0) |,
e3(0) 0 0 0 F((S)_ uz ()
where control inputs ui, us, and ug are given by
w1 (6) us(9) d'(5)]
w(@)| = | oh6) |+ |,
u3(9) vl (8) + vl (5) 0 ]

As shown in Fig. 4, the nonlinear parts (point-to-point
characteristics) of the system can be written as follows®:

o ry(6) 0 0 el wit
v; = 0 I'5(0) 0 e; + w;T ,
vl 0 0 Ts(d)] [ef wyl

where I'1(§) = K 4 51¢16, T'2(8) = Ky, + B2¢20, T's(d) =
Kf + ﬂg(]gé. .

If exogenous in?uts are v’ = d = 0, u; is equal to us.
Moreover, since e} = e; —d; (i = 1,2,3), the following
closed-loop system equation can be given:

el dy+r P 0],
el ds 0 F
;
di+r P 0lrg o 1, 1
= d2 + Pm 0 T r 0 €y
ds o FlLU*t 2 el
-P 0 wy
0 0 1 .
+ Pm 0 |:1 1 O] ’LUQT 9
0 F wit

where d; (|d;| <) are discretized/quantized errors.
As for the neutral points defined in (20), the following

expression can be given:

1 0 I'sP el
0 1 —TsPn| |2}
—-TWF —TyF 1 el
=| do 0 0 Punl| |w
@ F F 0| |@

Inverse matrix of the left side of the equation is written as

follows:
—1

1 0 I'sP 1
0 1 —TyP.| =
—TWF -T2F 1 14+ (1P —T2Py)3F
1-I2I'sP,F —I'sI'sPF —I'sP
W3 P,F 1+ I'sPF T'3sPp,
IhF I F 1
Py Wi Vs
= |Wa1 Wap W3 31
W3 W3z Va3

3Hereafter, no confusion is possible, e.g., e1(d) and P(§) will be
abbreviated to simply e and P.

Hereafter, in order to simplify the equation, the following

symbols will be used:

Ai(8) =1+4q6, i=1,2,3. (32)
Thus,
et (6) Ai(8) 0 0 el (8)
el =] 0 A5 0O () (33)
) 0 0 As(9)] [&](s)

Hence, the vector-matrix expression of the control system
is written by functions of § as follows:

?IT AL O 0 Uir Y2 Vag| [dy +7
E;T = [0 Ay 0| |Ugy Woy Wog [ Ez }
et 0 0 As||wg Wa Vs d3
Ar 0 o] %Y Y2 ¥zl 19 o —p]|w!
+10 A 0| |Tx Wy Uy [0 0 Pul| |w
L0 0 Asf lwgy wsp W) (FOF 0] |
MV MW MWz (g, 47
= [A2W21  AoWaz  AgWog EQ
A3z A3VUsy A3VUss ds
MUsF  AMWisF  —Aj (W1 P — Wi2Py)] (@3]
+ [A2Wo3F  AgVUo3F  —Ax(¥21 P — UaaPp) E;T
AgUs3 ' A3WssF —A3(V31P — V32Pm) w5t

In regard to to each norm of the equation, the following
inequality is obtained:

T z]  [IAwa] (A@ia] (AWl [lidile + |l
HE;T”Q S [1A2Wa1]  [A2Wa2|  [AxWag| ld2]|2
ezt [AsW31| [AgWUs2| [A3¥ss] Ild3]|2
[AMiW13F|  [AU13F| |A1(V11P — U12Py)| HETT”2
|A2WozF|  [A2WasF|  [A2(¥a1P — WPl | | w32
‘Ag\I/33F| ‘Ag\Il33F| ‘Ag(‘I’glp — \I’ggpm)‘ HE;T”Q
(34)

Here, symbol < denotes a set of inequalities for each
element.

VI. ROBUST STABILITY CONDITION FOR
MULTI-NONLINEARITY SYSTEMS

By using the result of Lemma, the following inequality is
derived:

1= pF1AMV13F| —B2|A1 U3 F| —B3|A1(¥11 P — V12 Ppy)|
—B1|A2Wo3F| 1 — B2|AaWasF|  —B3|A2(Va1 P — Vo Py)|
—P1|A3 W33 F| —B2|A3W33F| 1 — B3|A3(¥31 P — W32 Pp)|
&2 [A1P11]  [A1Tre] (A1 Ts|] [lldillz + 1172
lestllz| < [[A2Wai]  [A2Waa| [AxTag] lld2|l2
llextila [A3W¥s1]| [|AsWsa| |A3Wss| llda]l2
(35)

When the matrix of the left side of the above inequality
was written by:

ailp a2 ais
A= [axn a2 a3, (36)
az1 asz2 ass

all non-diagonal elements are obviously non-positive. In
addition, if all diagonal elements are positive and if all
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principal minors of all order are positive, the above matrix
A is called an M-matrix [17].

[Theorem-1] If there exists a ¢; > 0 in which matrix (36)
becomes an Ostrowski’s M-matrix, the discretized model-
reference control system with sector nonlinearities (10), (13),
and (16) is robust stable in an /5 sense, when the linearized
system with nominal gains K, K,,, and K is asymptotically
stable.

(Proof) By using (36), inequality (35) can be written as
follows:

ail a2 ais Z1 Y1
azi aze az| |w2| = |y2| - 37
asz1 asz a3z Zs3 Y3

Obviously, elements of these vectors in (37) are z; > 0 and
y; > 0. Moreover, with respect to elements of the matrix A,
a;; <0 (i # j) can be recognized.

The above inequality can be rewritten as follows:

1 1 1 1 1
T
0  agy a%g)) x%) S y%S) ) (38)
0 0 ass T3 Ya
where
az(-;-) = aij, mg_l) =z, yV =y (i,j =1,2,3).
Furthermore,
1 1 1 1
S L all gL @_ 1 oV o
ST S T (U U
1 1 1 1
= | ] = e
aﬁ) a:(n) agz) aﬁ) aél) ags)
and 1 2 (2
0 = | B
aég) a3y QAzs

Therefore, the right side of (38) can be written as

(2)
(2) _ 9332 (2)
(2) 72
P

(1)
2 1 a 1 3
yé):yé)——aff) M =

11

1
yg ) = Y1,

provided agll) > 0 and aé? > 0. It can be seen that
these values are non-negative and bounded if each norm of
exogenous inputs is bounded (i.e., ||F|l2 < oo, [|d;|]2 < oo,
(j = 1,2,3). In addition, if a$y > 0 is satisfied, z§" < oo,
:c21 < 00, and :1:51) < oo are obtained in reverse order.
Here, it should be noted that the above conditions agll) >

0, ag) > 0, and aé? > 0 are rewritten as follows:

agll) =A1=a;1 >0

2 Ay ailr a2
aéQ):—: /a1 >0
Aq a1 Q22
ai; Q12 a3
a(S) _ Az P —. aip a2 >0
33 Ay a21 Q22

az1 asz a3z

The conditions say that all principal minors of matrix A4 are
positive. That is, it means that the matrix becomes M-matrix.

(The derivation of the result in general form is written in
Appendix.)
Thus, it can be proven that

lefll < oo and fle;]| < oo, i=1,2,3,

when the nomianl control system with gains K, K,,, and
K. The proof of Theorem-1 based on the concept of
bounded-inputs and bounded-outputs (BIBO) stability of
model-reference control systems is completed. [

VII. RELATION TO PID CONTROL

When the model and the feedback compensator are in
higher resolution, in other word, §o — 0 and (83 — 0, the
model-reference control sytem can be transformed equiva-
lently as shown in Fig. 5. Here, the equivalent controller and
the pre-filter are given as

_ K¢ F(0)
c@) = 1 — KKy Py (8)F(5)’ (39
1
D(5) = R0 (40)

In the figure, g1(-) can be replaced with the nonlinear
subsytem as shown in Fig. 4. Therefore, the loop transfer
function from w7 to ej is given by

1+ qid)P(6)C(o
H(ya6) — — LT adPOCE)
14 (K + B1q16)P(0)C(9)
Thus, the robust stability condition of the model-reference
control will be rewritten as follows.

[Theorem-2] With respect to an arbitrary q¢; > 0, the
following inequality should be satisfied:

(+ad)PECE) | _ 1

1+ (K + B1i6)P(0)C(0) | ~ B

Arranging to an explicit form, inequality (42) will be equiv-
alent to the theorem in the previous paper [11].

(Proof) When 32 = 35 = 0 are assumed, the robust stability
condition should be written from Theorem-1 as follows:

(41)

(42)

Ay =an =1—p61|AP3F] > 0. (43)

From (31) and (32), inequality (43) can be expressed as

—(1+ q:6)3PF
1+ (I1P — 9Py T3 F

1—-p (44)

>0

Since I'y = K+ 51¢10, I's = Ky, and I's = K¢, inequality
(44) is rewritten as follows:
(L4 q16)P(6)KfF(d)

L TR ¥ 51016 P) — Ko P (DK ()

‘ =0
(45)
The above inequality is equivalent to (42). [
As was descibed in section 3, when the model is assumed
to be a second-order lag system, e.g.,

Km

= 4
14 C6 + Cy62’° (46)

K P (9)
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Fig. 5. Equivalent feedback control system.

the feedback compensator K ;F(J) is defined in this study
as follows:

1+ C16 + Cy62
Km(l +c16 + 6252) ’
where K, will be substituted by 1/K7.

In these cases, the equivalent controller and the pre-filter
are given by

KF(5) = (47)

1+ C16 + Cy62
C(0) = K10 + 20?)
Ky (14 10 + ¢26?)
14+ C16 + Cy62
Thus, the robust stability condition (45) can be rewritten as:

(1+ q18)P(8)(1 4 C16 + C26?) < 1
Ko (c16 4 c202) + (K + B1q10)P(0)(1 + C16 + C262) (221;)

D(8) =

When ¢y < c1, the controller is approximately written as

C0) = L1y G + @5,
K K KR

(49)

where k = K,,,c1. Obviously, (49) is a three-term controller

based on the bilinear transformation expression, which cor-

responds to PID control for continuous-time systems.
When the model system is considered with time-delay,

— Km

T 14 C16 + o2

the controller C(¢) is written as

1+ C16 4 Cy6?
Kp(1+c¢10 + 262 — z=4m)’

— Ly, s
)

C(5) =

(50)

where d,, is a time-delay that is written as d,,, = L,,/h.

VIII. NUMERICAL EXAMPLES

[Example-1] Consider the following continuous plant:
K,

P(s) = (s +0.1)(s +0.2)(s +0.5)’

where the gain constant is K; = 0.01. The sampling period
and the resolution value are assumed to be ~ = 1.0 and
v = 1.0. That is, the responses of the control systems
trace on integer grid coordinates. The discretized nonlinear
characteristic (discretized sigmoid, i.e. arc tangent) is as
shown in Fig. 2.

(D

10

=

Fig. 6. Step responses for Exmaple-1 ((i) C1 = 8.0, (ii)) C1 = 5.0, (iii)
Cy = 2.0).
Ae
«1 -

Fig. 7. Phase traces for Exmaple-1 ((i) C; = 8.0, (ii)) C1 = 5.0, (iii)
C1 = 2.0).

The input/output characteristic of the discretization pro-
cess is written by, for example, C-language expression as

follows:
eJ{ =~ * (double)(int)(e1/v)

v; =0.4%el +3.0%atan(0.6xel)
vl =~ % (double)(int)(vy /).

(52)

Here, (int) and (double) denote the conversion into an
integral number (a round-down discretization) and the re-
conversion into a double-precision real number, respectively.

When the nominal gain K = 1.0 and the threshold ¢; =
2.0 are considered, the sectorial area of the point-to-point
characteristic for £; < |e;| < 40.0 can be determined as
[0.5, 1.5].

In this example, the model system is chosen as:

1

Phld) = —F7i———=, Kn=1.0, 53
() 1+ C16 + 8.002 (53)
and the feedback compensator is chosen as follows:
1+ C16 + 8.062
F(5) = - C10F800% e g0, (54)

1+ 8.00 + 02

Here, C1 is an adjusting parameter.

As for three cases (C; = 8.0, 5.0, 2.0), the step responses
are depicted as shown in Fig. 6, and the phase traces are
as shown in Fig. 7. In order to check the robust stability of
the discretized control system, |H| = |A;¥13F| and Ay =
1—B1|A1 T3 F| in (43) for ¢; = 10.0 ~ 30.0 are calculated
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Fig. 8. Checking of robust stability margin for Exmaple-1 when 31 = 0.5,
B2 = B3 =0, C1 =5.0, and g1 = 10.0 ~ 30.0.

VAV

As

Fig. 9. Checking of robust stability margins for Exmaple-1 when 31 = 0.5,
52 = 0.2, ﬂg = 0.1, and Cl = 8.0.

as shown in Fig. 8. Figure 9 shows calculated results of the
following principal minors in (36) for ¢; = 20.0, g2 = 6.0,
and g3 = 3.0:

a1 a2 013

ail a2
, Az = a2 a asl.

Al = a1 A =
) 2
a1 a2

azr asz2 ass

As is obvious from these figures, it can be seen that the sta-
bility margins for the discrete control systems are sufficiently
proven.

[Example-2] Consider the following model system with
time-delay L,, = 2.0:

—_ 1 e—2$
1+ Cyd +8.062 ’

The feedback compensator F'(§) is the same as (54). In
this example, the step response and the phase trace become
more sufficiently stabilized as shown in Figs. 10 and 11.
Figure 12 shows calculated results of the principal minors
in (36), Ay, Ay, and Az, for ¢; = 20.0, ¢ = 6.0, and
g3 = 3.0. Obviously, the stability margins for the discrete
control systems are sufficiently proven.

P,.(5) K, =10. (55

IX. CONCLUSION AND FUTURE REMARKS

This paper has described a stabilizing and designing prob-
lem of discretized model-reference feedback control systems.
In particular, a robust stability condition for control systems

10

ult) W
0 Z/ 100 0 | =k

Fig. 10. Step responses for Exmaple-2 ((i) C1 = 8.0, (ii) C1 = 5.0, (iii)
Cy = 2.0).

Ae

AN S S

Fig. 11. Phase traces for Exmaple-2 ((i) C1 = 8.0, (ii) C1 = 5.0, (iii)
Ci1 = 2.0).

with multiple discretizations (nonlinearities) was presented
in the frequency domain by applying Ostrowski’s M-matrix
expression. As a consequence, it could be seen that the
discretized model-reference control systems are sufficiently
stabilized and well designed. The concept described in this
paper can be extended to the stabilization of multi-input
and multi-output discretized (nonlinear) control systems by
using the following general M-matrix representation. (See
Appendix.)
APPENDIX

As was described in the proof of Theorem-1, the follow-

ing matrix becomes important for the stability of feedback

AV

As

Fig. 12. Checking of robust stability margin for Exmaple-2 when 81 = 0.5,
B2 = 0.2, 3 = 0.1, and C1 = 8.0.
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systems with multiple nonlinearities:

ailp a2 QA1n
a1 a22 e ao2n

A= . . s (56)
apl  An2 Qpn

where all non-diagonal elements are non-positive. In addi-
tion, if all diagonal elements are positive and if all principal
minors of all order are positive, the above matrix A is called
an M-matrix [17].

By using (56), system’s inequality can be written as
follows:

ailr a2 A1n T Y1
az1 a2 a2n €2 Y2

S I I (57)
anl  QAp2 Anpn Tn Yn

Obviously, elements of these vectors in (37) are z; > 0 and
y; > 0. Moreover, with respect to elements of the matrix A,
a;; <0 (i # j) can be recognized.

The above inequality can be rewritten as follows:

1 1 1 1 1
)
0 a ce Gy | |
22 2 2 < Yz ’ (58)
6 0 ag;’ﬁf xﬁ}) yv(;n)
where
1 1 1 ..
agj) = Qijs 335 ) = Zj, yf V=i (ij=1,2,-- ,n).
Furthermore,
1 1
a? = 1 agll) ag{)
ij aﬁ) az(l) az(.j)
2 2
o
ij a;22) af2) agj)
(n—1) (n—1)
(n) 1 Up—1n-1 Apn_17j ..
Gij° = (= n—1 n—1 (4,5 =2,3,-
AN T
Therefore, the right side of (58) can be written as
0 @ o a0 @ @ 4y o
Y1 " =Y, Yo' = Y2 " — Y1 s Y3 = Ys T —yzyY2 s
(1) (2)
ary 5P
a(n—l)l (n1)
n n—1 n n— n—
...... , yr(L):yT(l ) _ — e
an— n—1
provided ol > 0, a{2 >0, -+, a3, | > 0. It can be

seen that these values are non-negative and bounded if each
vector y; is bounded (i.e., ygl) < oo, i=1,2,---,n) In

addition, if ') > 0 is satisfied, then 2 < oo, 2V, <

(1)

00, ---,and 7’ < oo are obtained in reverse order.

7’I’L)

Here, it should be noted that the above conditions agll) >

0, ag)

agll) =A1=a11 >0

-0, ) @

>0, -+, apy are rewritten as follows:

@@ Az e ar
Aoy = A_ = /all >0
1 21 G22
59
A a1l a2 ais a a (59)
3) Az 11 612
gy =~ =|az1 Gz a2 / >0
2 a21 22
a3l G32 a33

The conditions say that all principal minors of matrix A4 are
positive[18]. That is, it means that the matrix becomes M-
matrix.
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